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Abstract A Steinberg-type conjecture on circular coloring is recently proposed that for any prime
p > 5, every planar graph of girth p without cycles of length from p+1 to p(p —2) is Cp-colorable (that
is, it admits a homomorphism to the odd cycle Cp). The assumption of p > 5 being prime number is
necessary, and this conjecture implies a special case of Jaeger’s Conjecture that every planar graph of
girth 2p — 2 is C)-colorable for prime p > 5. In this paper, combining our previous results, we show
the fractional coloring version of this conjecture is true. Particularly, the p = 5 case of our fractional
coloring result shows that every planar graph of girth 5 without cycles of length from 6 to 15 admits a

homomorphism to the Petersen graph.
Keywords Fractional coloring, circular coloring, planar graphs, girth, homomorphism
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1 Introduction

Jaeger [12] in 1988 conjectured that every 9-edge-connected graph admits a circular 5/2-flow (or
equivalently, admits an orientation such that the indegree is congruent to the outdegree modulo
5 at each vertex). Jaeger observed that his conjecture implies the celebrated 5-Flow Conjecture
of Tutte [19]. He also extended Tutte’s 3-Flow, 5-Flow Conjectures and proposed a more
general circular flow conjecture that every 4k-edge-connected graph admits a circular zk,j L flow.
Jaeger’s Circular Flow Conjecture was confirmed for highly connected graphs by Thomassen
[18] and later for 6k-edge-connected graphs by Lovédsz et al. [14], but it was disproved for k > 3
recently in [9]. Tutte’s Flow Conjectures remain open as of today. The counterexamples of
Jaeger’s Circular Flow Conjecture presented in [9] are nonplanar graphs, and so it still remains
open for planar graphs, which can be equivalently stated below as homomorphism to odd cycles
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by duality. Here for any graph H, a graph is called H-colorable if it admits a homomorphism
to H.

Conjecture 1.1 ([12]) Every planar graph of girth at least 4k is Coj1-colorable.

Conjecture 1.1 has received considerable attentions, and many progresses have been made
in [2, 7, 13, 16, 20]. The current best general result towards Conjecture 1.1 is due to Lovész et
al. [14] in 2013, from the dual of their flow results.

Theorem 1.2 ([14]) FEvery planar graph of girth at least 6k is Cax1-colorable.

For the cases of k € {1,2,3}, better results are known. The case k = 1 of Conjecture 1.1
is Grotzsch’s 3-Coloring Theorem [8]. Proved in 1959, it stated that every triangle-free planar
graph is 3-colorable. The following results on the cases k = 2,3 are obtained by Dvordk and
Postle [5], Cranston and Li [4], and Postle and Smith-Roberge [17], respectively.

Theorem 1.3 (i) ([4, 5]) Every planar graph of girth at least 10 is Cj-colorable.
(ii) ([4, 17]) Every planar graph of girth at least 16 is Cy-colorable.

Note that Theorems 1.2 and 1.3 are still valid if we replace girth conditions by odd-girth
conditions. Steinberg considered a different approach. Instead of forbidding small (odd) cycles,
he asked what if we forbid cycles of certain length. More specifically Steinberg conjectured
that every planar graph without cycles of length 4 or 5 is Cs-colorable. Motivated by this
problem, the authors in [11] studied its generalization on Cg-coloring under similar Steinberg-
type conditions: for each odd integer k > 3, what is the smallest number f(k) such that every
planar graph of girth k without cycles of length from k + 1 to f(k) is Ck-colorable? A known
result in [1] and the counterexamples of Steinberg’s Conjecture in [3] provide that f(3) € {6, 7}.
It is proved in [11] that f(k) exists if and only if k is an odd prime, and for any prime p > 5,
p? — gp + g < f(p) < 2p* + 2p — 5. Furthermore, it is conjectured that f(p) < p? — 2p, which

states the following.

Conjecture 1.4 ([11]) For any prime p > 5, every planar graph of girth p without cycles of
length from p+ 1 to p(p — 2) is Cp-colorable.

It is observed in [11] that Conjecture 1.4, if true, would imply Conjecture 1.1 for each prime
p=2k+ 1> 5. The first case p = 5 is very special, as it not only implies that planar graphs
of girth at least 8 are C5-colorable, but also implies the Five Color Theorem that every planar
graph is 5-colorable (see [11]).

The fractional coloring, as introduced in [10], is a well-known generalization of ordinary
coloring of graphs. For positive integers s and ¢ with s > ¢, a fractional (s : t)-coloring ¢ of a
graph G is a set coloring that assigns a t-element subset of {1,..., s} to each vertex such that
o(u) Np(v) = O for each edge uv € F(G). Equivalently, a graph is fractional (s : t)-colorable if
and only if it admits a homomorphism to the Kneser graph K (s,t) (or saying that it is K (s, t)-
colorable). Since the odd cycle Caxy1 is a subgraph of the Kneser graph K(2k + 1, k), we
have that every Ca41-colorable graph is fractional (2k+1 : k)-colorable, but not vice versa. In
particular, fractional (2k+1 : k)-coloring can be viewed as a relaxation of Ca1-coloring. When
k = 2, the Kneser graph K(5,2) is the well-known Petersen graph, and Dvoidk, Skrekovski,

and Valla [6] proved the fractional coloring version of Conjecture 1.1 in this case.
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Theorem 1.5 ([6]) Ewvery planar graph of girth at least 8 is fractional (5 : 2)-colorable (or

equivalently, admits a homomorphism to the Petersen graph).

In [15], Naserasr proposed a stronger conjecture that every planar graph of odd-girth 2¢+ 3
is fractional (2t +1 : t)-colorable (or equivalently, admits a homomorphism to the Kneser graph
K (2t +1,t)). A fractional coloring result related to Conjecture 1.4 is obtained in [11].

Theorem 1.6 ([11]) For any odd integer k > 5, every planar graph of girth k without cycles

of length from k + 1 to L2§kj is fractional (k : *31)-colorable.

22p
3

Conjecture 1.4 for all prime p > 11. The purpose of this paper is to prove the remaining cases

Since p(p — 2) > when p > 11, Theorem 1.6 confirms the fractional coloring version of

p = 5,7 of the fractional coloring version of Conjecture 1.4.

Theorem 1.7 Every planar graph of girth 5 without cycles of length from 6 to 15 is fractional

(5 : 2)-colorable (or equivalently, admits a homomorphism to the Petersen graph).

Theorem 1.8 Fwvery planar graph of girth 7 without cycles of length from 8 to 35 is fractional
(7 : 3)-colorable.

Corollary 1.9 The fractional coloring version of Conjecture 1.4 is true.

We remark that, other than Theorem 1.5 of Dvoidk et al. [6], the fractional coloring version
of Conjecture 1.1 is still open for each k > 3. Although Conjecture 1.4 implies Conjecture 1.1
for each prime p = 2k +1 > 5 (see [11]), their fractional coloring versions seem not to have this
relation. Hence Theorem 1.7 does not imply and in turn is not implied by Theorem 1.5.

At the end of this section, we will give some definitions and notations that will be used
throughout this paper. In a graph G, a k-vertex is a vertex of degree k. A k-thread of length
k (k-thread for short) of G is a path wwvjvs - vpw such that v; is a 2-vertex for 1 < i < k.
The end vertices of the path are called the end wvertices of the thread. A thread with end
vertices x,y is also called an (z,y)-thread. A kT -thread of G is a thread of length at least k.
A (k1,ka,..., ki)-thread T, in G is a subgraph consisting of distinct k;-thread, ko-thread, ...,
k¢-thread which share a common end vertex x, where x is called the center of T,. If z is a
2-vertex of an (x,y)-thread, then we say = and z are weakly adjacent. For a positive integer ¢,
let [t] = {1,2,...,t}. Let ¢ be a fractional (2k + 1 : k)-coloring of G, and for any v € V(G),
denote @(v) = [2k + 1]\ ¢(v). Fix a graph H and a vertex subset S of V(H). A precoloring ¢
of S assigns colors in ([2]“,:1]) to vertices in S such that H[S] is properly fractional (2k +1 : k)-
colored. We say that H is (pg, S)-colorable if the precoloring ¢ of S can be extended to all
vertices of H to obtain a fractional (2k + 1 : k)-coloring.

The rest of this paper is organized as follows. Section 2 presents the proof of Theorem 1.7,
Section 3 is devoted to the proof of Theorem 1.8, and a few concluding remarks are given in

Section 4.

2 Fractional (5 : 2)-coloring of Planar Graphs

This section is aiming to give the proof of Theorem 1.7. We first study some graphs with
precoloring extensions in Subsection 2.1, serving for reducible configurations, and then present

the proof of Theorem 1.7 in Subsection 2.2 by a discharging method.
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2.1 Precoloring for Fractional (5 : 2)-coloring
We first show that certain precoloring of some vertices can be extended.

Lemma 2.1 Let P = vivy...v, be a path and po be a precoloring of S = {v1,v,}.

(i) If n =3, then P is (v2, S)-colorable if and only if |p2(v1) U pa(vs)| < 3.

(ii) If n =4, then P is (@2, 5)-colorable if and only if p2(v1) # @a(va).

(iii) If n > 5, then P is (p2,S)-colorable.

Proof (i) This is obvious since we have enough colors in [5]\ (v2(v1) Up2(v3)) to color ve, and
vice versa.

(i) We select two available colors in @3(v1) to color va, say that vy receives color set @a(vs).
Now the coloring can be extended to vz if and only if |pa(v2) U ¢a(vs)| < 3 by (i). This is
possible if and only if wa(v1) # pa(v4).

(iii) When n = 5, we have three colors not in ¢2(v1), and it is always possible to color vg
with @a(v2) C @a2(v1) such that @o(va) # pa2(vs). Thus P is (2, S)-colorable by (ii). For n > 6,
we can arbitrarily color vertices v,,_1,...,vs first, and then extend this coloring to vo, vs, vy as
before. O

By Lemma 2.1 (i) (ii), we have the following lemma.

Lemma 2.2 Let C be a 5-cycle upujugususug and po be a precoloring of {ug,us}. Then C
is (@2, {ug, us})-colorable if and only if |p2(ug) U @a(usz)| = 3.

Lemma 2.3 Let Hy be a graph consisting of a path vgvivs ...ve and two edges vows, V4wy.
Given a precoloring w2 of V(H1) \ {vs}, let ¢2 be the restriction of 2 on S = {vg, v, w2, wa}.
Then Hy is (¢2,S)-colorable.

Proof Since |@2(w2)| = |@2(wyq)| = 3, we have @a(w2) N@a(wy) # 0. Let o € @a(wa) N@a(wy).
Note that ¢a(vg) # wa2(wz) and @a(ve) # p2(wy) by Lemma 2.1(ii). We select a color 8 such
that 8 € pa2(vo) N @a(we) if a ¢ pa(vp), and B € Pa(we) \ {a} otherwise. Similarly, choose a
color v such that v € wa(ve) N @a(wy) if o & wa(vg), and v € @a(wy) \ {a} otherwise. Define
d2(v2) = {a, B} and ¢2(vy) = {a,~}. Then Hj is (¢o, SU{v2, v4 })-colorable by Lemma 2.1(i). O

Lemma 2.4 (i) Let Hy be a graph consisting of a path vovivavs, a path voujus and an
edge vowy. Given a precoloring po of V(Hy) \ {vi,v2}, let ¢o be the restriction of a2 on
S = {vs,uz,w1}. Then Hy is (pa,S)-colorable.

(ii) Let Hy be a graph consisting of three paths voviva, vouius and vowiwse. Then for any
precoloring pa of S = {va, us, wa}, Hy is (pa,S)-colorable.
Proof (i) Let o € @a(w1) \ p2(vs). Choose 8 € @a(uz) N @a(wr) \ {a} if possible, and
B € po(w1) \ {a} if wa(uz) N@a(wy) \ {a} = 0. Define ¢2(vy) = {, 3}. Then by Lemma 2.1 (i)
(if) Hy is (¢2,S U {vg})-colorable.

(ii) Since
7)) (5 =0 <203

there exists {«, 0} € ([g]) which is not in (@2(2”2)) U (‘;2(2“2)) U (@2(2“’2)), and so define 2 (vg) =
{a, B}. Then Hj is (p2,S U {vg})-colorable by Lemma 2.1 (i). O

7
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Lemma 2.5 Let H be a graph consisting of two 5-cycles vov1v2v3v4 and vouiugusgiy.
(i) For any precoloring va of S = {v2,vs,us,uz}, H is (2, S)-colorable.

(ii) Given a precoloring @a of V(H) \ {vi,v2}, let ¢o be the restriction of pa on S =
{vs,u1,uz,us}. Then H is (¢2,S)-colorable.

Proof (i) By Lemma 2.1 (i), we only need to color vy with @2 (vg) such that |¢2(ve) Np2(x)| =1
for each = € {vq,v3,ua,uz}. Clearly, we have (p2(v2) U pa(vs)) N @a(uz) # 0, w.lo.g., let
a € pa2(va)Npa(uz). If o (vs) N2 (us) # 0, then we choose 3 € pa(vs)Npa(us), and set w2 (vg) =
{a, B}, we are done. Otherwise, p2(vs3) Ns(us) =0 and pa(vs) Uwa(us) = [5] \ {a}. Now we
have @2 (v2) N @2 (us) = p2(v2) \ {a}, say @2(v2) \ {a} = {a}. Moreover, p2(v3) N @2 (u2) # 0,
and we let 8 € pa(v3) N@a(uz). Then define ¢o(vg) = {’, 5} as desired.

(ii) We may assume that ¢2(vs) = p2(vg); otherwise H is (g2, V(H) \ {v1, v2})-colorable by
Lemma 2.1(ii), and thus is (¢2, S)-colorable as well. By Lemma 2.2, |p2(vg) N@a(us)| = 1. Let

a € a(vg)N2(ug) and B € @a(uy)\@2(us). Define ¢pa(vg) = {a, B}. Then |¢2(vg)Ne2(v3)| = 1,
and |¢p2(vg) N ¢2(ug)] = 1. Thus, by Lemma 2.1(i) and Lemma 2.2, H is (¢, S)-colorable. [

Lemma 2.6 Let H be a graph consisting of a 5-cycle vgu1vav3v4v, a H-cycle uguuouzugug,
and an edge voug. Given a precoloring o of V(H) \ {vo,v1,v4}, let ¢ be the restriction of o
on S = {va,v3,ug, us,us}. Then H is (¢2,5)-colorable.

Proof By Lemma 2.2, we have |pa(u2) Npa(ug)| = 1. Let a € @a(uz) \ p2(ua). If a ¢ pa(ve)U
©a(v3), then we choose 8 € @a(uy)\ p2(uz), and then select a color v1 € ¢a(v2)\ {6} and a color
V2 € p2(v3) \ {B}. Define ¢2(vo) = {71,72} and ¢2(uo) = {e, B}. Hence H is (¢2, SU {vo, uo})-
colorable by Lemma 2.1(i). Assume instead that o € pa(v2) U pa(vs), w.lo.g., say a € @a(va).
Then we have o ¢ pa(v3). Let 71 € @a(v2) \ {a}. Choose 5 € @a(uq) \ (p2(uz) U {11}), and
let v2 € @a(v3) \ {B}. Define ¢a(vo) = {71,72} and ¢a(ug) = {e, B}. This shows that H is
(2, S U {wo, up})-colorable by Lemma 2.1 (i) as well. O

Lemma 2.7 (i) Let Hy be a graph consisting of a 5-cycle vov1vavzvsvg and an edge vouy.

Given a precoloring 2 of S = {va,v3,ur}, if Ya(u1) # pa(va) and pa(u1) # pa(vs), then Hy
is (p2,.5)-colorable.

(ii) Let Hy be a graph consisting of a 5-cycle vovivavsvavg and a path vouius. Given a
precoloring po of V(Hsz) \ {u1}, let ¢o be the restriction of w3 on S = {vi,ve,v3,us}. If
¢2(uz) # ¢2(v1), then Hy is (¢2,S)-colorable.

Proof (i) Since @a(u1) # @2(v2) and pa(uy) # p2(vs), we can choose o € w2 (v2) \ 2 (u1) and
B € wa2(v3) \ p2(u1). Define ¢a(vg) = {e, 8}. Then Hj is (p2, S U {vg})-colorable by Lemma
2.1 (i).

(ii) As o provides a fractional (5 : 2)-coloring of 5-cycle vgvivavsvy, we have |pa(v1) U
w2(v3)] = 3 by Lemma 2.2. Let a € @a(v1) Npa(vs). If a € pa(uz), we choose a color
B € @2(v1) \ {a} and define ¢a(vo) = {a, B}. If o & @a(u2), we can choose 8 € wa(usz) N @2(v1)
as @a(uz) # w2(v1), and then define ¢2(vg) = {a, 5}. In any case, Hs is (¢2, .5 U{vg})-colorable
by Lemma 2.1 (i). O
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2.2 Proof of Theorem 1.7

In this subsection, we shall prove Theorem 1.7 by analyzing the structure of the potential
minimal counterexample and proceeding with a discharging proof. In the rest of this section,
we always let G be a counterexample to Theorem 1.7 such that |V(G)| 4+ |E(G)| is minimized.
2.2.1 Subgraph Structures of a Minimum Counterexample

We start with some basic properties of the minimal counterexample G.

Claim 2.1 G is 2-connected and particularly 6(G) > 2.

Proof Clearly, G is connected. If G is not 2-connected and contains a cut vertex v, then
there exist proper induced subgraphs G; and G5 of G such that E(G) = E(G1) U E(G3) and
V(G1) N V(G3) = {v}. By the minimality of the counterexample, G; has a (5 : 2)-coloring ¢
and G5 has a (5 : 2)-coloring ¢. Exchange the colors if necessarily such that ¢(v) = 1 (v), then
¢ and 1 combine to become a fractional (5 : 2)-coloring of G, which is a contradiction. g

V2 V1 ul u
Vo G V2 U3 V4 U5 V6

O @ l @ l L4 O Yo Up

w2 Wy U3 V4 Uy us
(a) an AL-path vgvive ... vg (b) a (1,1;1,0)-edge voug
T x
(c)a(1,1;1,1)-vertex x (d) a (2,1;1,0)-vertex =

Figure 1 An AL-path, a (1,1;1,0)-edge, a (1,1;1,1)-vertex and a (2, 1; 1, 0)-vertex

A subgraph of G consists of a path vgvivs...vs and two edges vows, viwy with dg(v1) =
dg(vs) = dg(vs) = 2 and dg(v2) = de(vq) = 3 is called an alternating-path (AL-path for short).
An edge voug is called a (1,1;1,0)-edge if vy and ug are respectively in vertex-disjoint 5-cycles
Vo1 V203V409 and uguusuzugty with dg(vg) = da(ug) = 3 and dg(v1) = dg(vg) = dg(ur) = 2,
as in Lemma 2.6. A 4-vertex is called a (1,1;1,1)-vertez if it is a center of a (1,1,1, 1)-thread
and is incident with two edge-disjoint 5-cycles, as in Lemma 2.5 (i). Similarly, a 4-vertex is
called a (2,1;1,0)-vertez if it is a center of a (2,1, 1,0)-thread and is incident with two edge-
disjoint 5-cycles, one consists of a 2-thread and a 1-thread, and the other contains a 1-thread,
as in Lemma 2.5 (ii). See Figure 1 for an illustration, where the degrees of the black solid
vertices in G equal their degrees in the figure.

By Lemmas 2.1-2.6, we get several reducible structures which do not appear in the minimal

counterexample G.

Claim 2.2 (G contains none of the following configurations:
(i) a 3*-thread,
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(ii) an AL-path,
(iii) a (1,1,1)-thread or a (2,1, 0)-thread,
(iv) a (1,1;1,1)-vertex or a (2,1; 1, 0)-vertex,

(v) a (1,1;1,0)-edge.
Proof Suppose for a contradiction that G contains one of the above configurations H. Let S
be the vertex set defined as in one of Lemmas 2.1-2.6. We obtain a subgraph G of G by deleting
the vertex set V(H) \ S. By the minimality of G, G; admits a fractional (5 : 2)-coloring ¢,
where each vertex in S receives a color set with certain restrictions. Applying Lemmas 2.1-2.6,
H is (¢, S5)-colorable, and so we extend this coloring ¢ to become a fractional (5 : 2)-coloring

of GG, a contradiction. O

2.2.2 Exploring the Subgraph G’

Next, unlike some standard methods, we explore further structure of G from its subgraph G'.

From G, we obtain a subgraph G’ as follows.

(i) If there exist two (or more) adjacent 2-vertices in a 5-cycle of G, then we delete all those
2-vertices.

(ii) If there exist some 2-vertices in a 5-cycle of G but no adjacent 2-vertices, then we delete
a 2-vertex in the 5-cycle (arbitrarily).

Clearly, the obtained graph G’ is of girth at least 5 and contains no cycles of length from
6 to 15, and moreover each 5-cycle of G’ contains no 2-vertices. It is easy to see that G’ has
minimal degree at least 2 by its construction. Furthermore, in each step of constructing G’ we
only delete either a single 2-vertex or two adjacent 2-vertices by Claim 2.2 (i).

Claim 2.3 G’ contains no 3*-thread.
Proof Suppose, for a contradiction, that zabey is a path of G’ with dg/(a) = dg/(b) = der(c) =
2. Since G contains no adjacent Cs, dg(b) < 4. We divide our discussion into three cases below.

If dg(b) = 4, then there exist a 5-cycle in G containing ab and another 5-cycle in G containing
be. Let buyvavsab and bujususeb be the corresponding 5-cycles. Since vy is deleted in G, we
have that either vy, vy are two adjacent 2-vertices deleted in G’, or v; is a single deleted 2-vertex.
In any case, we have dg(a) = dg (a) = 2. By symmetry, we also obtain that dg(c) = dgr(c) = 2.
Hence b is a (1,1; 1, 1)-vertex in G, a contradiction to Claim 2.2 (iv).

If dg(b) = 3, w.l.o.g., we may assume that ad is contained in a 5-cycle bvyvovsab in G. Then
dg(a) = dgr(a) = 2, and so v; is a single deleted 2-vertex by Claim 2.2 (iii). Moreover, we
also have dg(c) # 2 since G contains no (1, 1,1)-thread by Claim 2.2 (iii). Thus dg(c) = 3
and cy is contained in a 5-cycle cyzi2223¢, where z3 is a deleted 2-vertex. Now the edge bc is a
(1,1;1,0)-edge, a contradiction to Claim 2.2 (v).

If dg (b) = 2, since G has no 3*-thread by Claim 2.2 (i), one of a and ¢ has degree at least 3,
say dg(a) > 3. If dg(a) = 4, then a is incident with two 5-cycles, where a, b, ¢ are contained in a
5-cycle abczy zea of G and z; is a deleted 2-vertex. By the construction of G', we have dg(c) > 3,
and thus y # z; and z; is also a deleted 2-vertex as dg/(c) = 2. Thus a is a (2,151, 0)-vertex,
a contradiction to Claim 2.2 (iv). So we assume dg(a) = 3 in the following. Since G contains
no (2,1,0)-thread by Claim 2.2 (iii), we must have dg(c) > 3, and so dg(c) = 3 with a similar

argument as above. Since G contains no (2,1, 0)-thread, then a, b, and ¢ cannot be contained
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in the same Cj5. Now let avivavsxa, cujususyc be the corresponding 5-cycles containing az, cy,

respectively. Hence we have dg(v1) = dg(u1) = dg(b) = 2 and dg(a) = dg(c) = 3. This results

in an AL-path in G, contradicting to Claim 2.2 (ii). This proves Claim 2.3. O
The key of the proof is the following claim to rule out (2,2, 2)-threads in G'.

Claim 2.4 G’ contains no (2,2, 2)-thread.

Proof Suppose to the contrary that there is a (2,2, 2)-thread consisting of paths vy za, vy;ye,
vz1 22, where dg/ (v) = 3 and dg/ (x;) = de (y;) = de () = 2 for 1 < i < 2. By the construction
of G, xoya, X222, Yy222 ¢ E(G'). We first show the following fact.

Subclaim 2.4.1 dg(v) =de (v) = 3.

Proof of Subclaim 2.4.1 If dg(v) > 4, then there exist deleted 2-vertices in G, which corresponds
to a 5-cycle containing v. Since either a single 2-vertex or two adjacent 2-vertices are deleted
in constructing G’, we may, w.l.o.g., let vujusxoziv be such a 5-cycle, where u; is a deleted
2-vertex. If us is not a deleted 2-vertex of G, then both z; and x5 are 2-vertices of GG, which
are contained in the 5-cycle vujuszoxi1v. According to the construction rules of G’, we should
delete 2-vertices 1, zo and keep the vertex u; in G’. This is a contradiction. So we must have
that both u; and us are deleted 2-vertices. In this case, dg(x1) = dg/(z1) = 2 and 25 is incident
with a 1-thread zozq1v and a 2-thread zouguiv. By Claim 2.2 (iii), we have dg(z2) > 3, and
so dg(xe) = 4, which implies that x5 is contained in another 5-cycle of G, say xowwowszwszs,
where w; is a deleted 2-vertex. Hence z2 is a (2,1;1,0)-vertex, a contradiction to Claim 2.2
(iv).

Next we obtain further structures around the vertex v.
Subclaim 2.4.2 The vertex v is not contained in any 5-cycle of G.

Proof of Subclaim 2.4.2 If v is contained in a 5-cycle of G, we shall distinguish two cases

according to the distribution of the 5-cycle.

Case 1 Assume that v is contained in a 5-cycle of G which contains one deleted 2-vertex.
W.lLo.g., we may assume this 5-cycle to be vyjuzoz1v, where u is the deleted 2-vertex. Clearly,
there is no 5-cycle of G containing vz since G contains no adjacent 5-cycles and dg(v) = 3
by Subclaim 2.4.1, and so we have dg(z1) < 3 and dg(x2) < 3. If dg(z1) = 3, then xjx9
is contained in a 5-cycle xiujususroxy, where up is a deleted 2-vertex. Hence wq, 29,21 are
all 2-vertices of G and dg(v) = dg(x1) = 3. Thus vz is a (1,1;1,0)-edge, contradicting to
Claim 2.2 (v). Otherwise, we have dg(x1) = 2. Since v is not in a (2,1,0)-thread by Claim
2.2 (iii), we have dg(z2) > 2, and so dg(x2) = 3. This implies that x5 is contained in a
5-cycle xouqiusugusro, where uy is a deleted 2-vertex. Hence zoz1vrizouius is an AL-path, a
contradiction to Claim 2.2 (ii).

Case 2  Assume instead that v is contained in a 5-cycle of G which contains two adjacent
2-vertices deleted. W.l.o.g., we assume this 5-cycle to be vy;uwz,v, where u and w are deleted
2-vertices. By the minimality of G, G — {v,y1,u,w, 21} has a fractional (5 : 2)-coloring . If
dg(z1) = 4, then z125 is in a 5-cycle z1a1a2a32221, where zo and a; are 2-vertices of G. We
erase the color of z2,a1, and let Ty = {{a, 8} : a € p(a2),B € p(az)}. If dg(z1) = 3, then by
Claim 2.2 (iii), we have 25 is in a 5-cycle zoa1a2a3a429 where a; is a deleted 2-vertex. We erase
the color of 23, a1, and define Ty = {{«a, 8} : o € p(a4), 5 € @(as) \ ¢(az)}. Note that we have
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|T7| > 4 in any case, and T contains a subset of type {{a1, 51}, {a1, 02}, {ae, 81}, {aa, B2}},
where a7, as, 31, B2 are distinct. Moreover, any color of z; in T} can extend to the erased vertices
z2 and a1 by Lemma 2.1. Similarly, we can define a set T, according to the structure of y; such
that T» contains a subset of type {{~1,61}, {71,602}, {72,01}, {712,02}}, where v1,72,01, 05 are
distinct.

If dg(z1) = 2, then either dg(z2) = 2 or dg(x2) = 3 where x4 is contained in a 5-cycle
with some 2-vertices deleted. Let x3 be the neighbor of x5 in G’ other than x;. In the coloring
©, we erase the color of z1, x5 and the deleted 2-vertex in the 5-cycle containing xo (if exists).
Set Ty = ([g]) \ {¢(z3)}. By Lemma 2.4 (ii) or Claim 2.2 (ii), any color of v in T3 can be
extended to x1,z2 and the deleted 2-vertex. If dg(z1) = 3, then z; is contained in a 5-cycle
T1U1U2u3ToT1, Where uy is a deleted 2-vertex. In the coloring ¢, we erase the color of uq,x1, 2
and set T3 = ([g]) \ {p(u2),o(us)}. Then any color of v in T5 can be extended to uy,z1,z2 by
Lemma 2.4 (i). Since ¢(u2) N(us) = 0, we have that T3 contains a subset of size 8 with type
([g]) \ {{m,n2},{n3,ma}}, where n1,n2,ns,n4 are distinct.

Now it suffices to color z1, y1 and v such that ¢(z1) € T1, ¢(y1) € Ta, p(v) € T3, and |o(z1)N
©(y1)| = 1. Then by Lemmas 2.1 and 2.4, ¢ can be extended to G. Recall that aq, as, 51, B2
are distinct, and 71,72, 01, 02 are distinct. In addition, we have either {a1, 51} C {71, 72,01,02}
or {ag, B2} C {71,72,01,02}. By symmetry, we may assume that {aq,51} C {y1,72,601,02}
and a; = 1. Since n1,m2,n3,m4 are distinet, [{B1, B2} N {n1,n2, 173,04}t > 1, say B = n1.
If [{a1, 01,601,023 N {n3,na}| > 1, let 0% € {61,02} N {ns,na} if |{01,02} N {ns,na}| > 1, and
let 6* € {01,605} otherwise. Define ¢(z1) = {a1,51}, ©(y1) = {a1,0*}, and define p(v) =
[5] \ (p(y1) U@(z1)). Note that |o(v) N {n1,n}| < 1 and |p(v) N{ns,na}| < 1. Then we have
o(v) € T, p(y1) € T and p(z1) € T7 as desired. Now we assume |[{aq, 81, 01,02} N {ns,n4}| = 0,
then 3y € {01,602}, say 01 = 61. Note that {aq,51,02,15,74} = [5], and 2 ¢ {1, 51,02} as
a1 = 71,72, 01 = 01,02 are all distinct. So v € {n3,n4}. Define p(21) = {1,061}, p(y1) =
{2, 61}, and define ¢(v) = [5] \ (p(y1) U p(z1)). Then we have p(v) € T3, ¢(y1) € T and
©(z1) € T1 as desired.

Then we are able to complete the proof of Claim 2.4.

Subclaim 2.4.3 Such a (2,2,2)-thread with center vertex v does not exist in G’, a contra-
diction. Hence Claim 2.4 holds.

Proof of Subclaim 2.4.3 Let ¢ be a fractional (5 : 2)-coloring of G — v. We shall erase the color
set of some vertices and then extend the coloring ¢ to G. By Subclaim 2.4.2 v is not contained
in any 5-cycle of G, and so dg(x1) < 3, dg(y1) < 3 and dg(z1) < 3. If dg(x1) = 2, then either
dg(z2) =2 or dg(x2) = dgr(x2) + 1 = 3 where x5 is contained in a 5-cycle with some 2-vertex
deleted. Let z3 be the neighbor of x5 in G’ other than z1. In the coloring ¢, we erase the color
of x1,z2 and the deleted 2-vertex in the 5-cycle containing xo (if exists). Set Ly = {p(z3)}.
By Lemma 2.4 (ii) or Claim 2.2 (ii), any color of v not in L; can be extended to x,z2 and the
deleted 2-vertex. If dg(x1) = 3, then z; is contained in a 5-cycle z7ujugusxox1, where u; is a
deleted 2-vertex. In the coloring ¢, we erase the color of uy,x1,z2 and set L1 = {p(u2), p(us)}.
Then any color of v not in L; can be extended to wy, 1,22 by Lemma 2.4 (i). Similarly, no
matter dg(y1) = 2 or dg(y1) = 3, we can erase the color of certain vertices and define a list

L5 of cardinality 1 or 2 such that any color of v not in Ly can be extended to the uncolored
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vertices by Lemma 2.4 (i) and (ii). Similarly, there is a corresponding list L for vzizs. Since
|L1 U Ly U Ls| <6 < 10, there is an available choice in ([g]) \ (L1 U Ly U L3) to color v, which
extends the coloring to all the erased vertices. This provides a fractional (5 : 2)-coloring of G,
a contradiction. g

2.2.3 Discharging

Now we are ready to complete the proof by a discharging method on G’. Note that G’ is clearly
planar since it is a subgraph of G. In the following, we always assume G’ is embedded on the
plane. Let F(G’) be the set of faces of G’. From Euler Formula, we have

3 (‘;’dg,(v)—5>+ 3" (de(f) - 5) = -10. (2.1)

veV(G’) feEF(G)

Assign an initial charge cho(v) = 3de(v) — 5 for each v € V(G'), and cho(f) = de/ (f) — 5
for each f € F(G’). Hence the total charge is —10 by the equation above.

We redistribute the charges according to the following rules.

(R1) Each 3T -vertex sends charge 1 to each of its weakly adjacent 2-vertices.

(R2) Each 16%-face sends charge 1% to its incident vertices.

(R3) After (R2), each 2-vertex sends its charge equally to its weakly adjacent 31 -vertices.

Let ch denote the charge assignment after performing the charge redistribution using the

rules (R1), (R2), and (R3).
Claim 2.5 ch(f) > 0 for each f € F(G").

Proof  First we assume dg (f) = 5. Then ch(f) = cho(f) = de/(f) —5 = 0. Now we assume

de/(f) = 16 as G’ contains no cycles of length from 6 to 15. By (R2), f sends charge 1 to

each incident vertices, and then
11

eh(f) = cho(f) ~ |\
Claim 2.6 ch(v) > 0 for each v € V(G').

Proof Recall that §(G’) > 2 by its construction. First we assume dg/(v) = 2. Then v is
weakly adjacent to two 3T-vertex by Claim 2.3, and thus ch(v) = =242 x 1 =0 by (R1).

Now we assume dg(v) > 3. Let p(v) be the number of 2-vertices weakly adjacent to v, and

5dc1(f)—520. O

dar(f) = 16

let t(v) be the number of 5-cycles incident with v.
Notice that there is no 2-vertex in a 5-face of G’ by its construction. Since G’ has no
3T-thread by Claim 2.3, we have

p(v) < 2(dg(v) — 2t(v)). (2.2)
Let p(v, f) be the number of 2-vertices weakly adjacent to v in f. Then
> p(, f)=2p(v). (2.3)
16 -face fov

By (R1), v sends charge p(v) to its weakly adjacent 2-vertices. By (R2), v receives charge
ié from each incident 16*-face and receives charge p(v, f) X }é X é from its weakly adjacent

2-vertices. Hence for each 3*-vertex v € V(G’'), it follows from Eqs. (2.2) and (2.3) that

_3 11 plo,f) 11
ch(v) = ,der(v) =5 = p(v) + 16+fo (16 Ty 16)
-facef>v
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= 2o (@) =5 = p(v) + 1 (dor(v) — #(0)) + | p(0)
= P () =5~ 1 t0) — 1 plo). (2.4)
If v is a 4T-vertex, by Egs. (2.2) and (2.4), we have
ch(v) = ‘I’gd@ (v) = 5 — Et(v) - 156p(v)

> B e v) 5 - 1 1w) | 2(der(v) — 2(0)
_ fgdc/(v) _54 196t(v)
> fg A—5+ 196t(v)
= Z + 196t(v) > 0.

If v is a 3-vertex, then t(v) < 1 as G contains no Cy. When ¢(v) = 1, we have p(v) < 2 by
Claim 2.3, and so by Eq. (2.4),

35 11 5 35 1 5 4
h(v) = _ dg/(v) —5— _ t(v) — > 2 3-5—_ - 2= .
ch(v) = jgdar(v) =5 = g tl) = PO 2 15375 = 16~ 1 16"
When t(v) = 0, we have p(v) <5 since G’ contains no (2,2, 2)-thread by Claim 2.4, and hence
35 5
h(v) > -3—-5— __ -5=0.
ch(v) > 16 3-5 16 5=0
Therefore, all the vertices of G’ receive nonnegative final charge. g

By the fact that the total amount of charge does not change by its redistribution, combining
(2.1) and Claims 2.5 and 2.6, we have

—10 = Z cho(v) + Z cho(f) = Z ch(v) + Z ch(f) =0,

VeV (GY) FEFR(GY) VeV (GY) FEF(GY)

a contradiction. This contradiction completes the proof of Theorem 1.7.

3 Fractional (7 : 3)-coloring of Planar Graphs

This section is devoted to proving Theorem 1.8. We first present some reducible configurations
under precoloring in Subsection 3.1, and then use a discharging method to complete the proof
in Subsection 3.2.

3.1 Precoloring for Fractional (7 : 3)-coloring
At first, we show that certain precoloring of some vertices can be extended.

Lemma 3.1 Let P = vivg--- v, be a path and o3 be a precoloring of S = {v1,v,}. Denote
b= [p3(v1) N @z(va)l-

(i) If n =3, then P is (v3,S)-colorable if and only if b > 2.

(ii) If n = 4, then P is (v3,S)-colorable if and only if b < 1.
(i) If n = 5, then P is (ps,S)-colorable if and only if b > 1.
(iv) If n = 6, then P is (p3,S)-colorable if and only if b < 2.
(v) If n > 7, then P is (ps,S)-colorable.
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Proof (i) This is obvious since there are enough colors in [7] \ (p3(v1) U ¢3(vs)) to color vs,
and vice versa.

(ii) We choose three available colors in @s(v1) to color va, and let ¢3(v2) C @3(v1) be the
color set of va. Now the coloring can be extended to w3 if and only if |@3(v2) N @3(ve)| > 2
by (i). Meanwhile, this is possible if and only if |@3(v1) N p3(vs)| > 2, which is equivalent to
b= lps(v1) Ns(va)| < 1.

The proofs of (iii), (iv), and (v) are similar to (ii). We select a color set ¢3(v2) C @3(v1) to
color vo. Then we are trying to color all vertices of path v3vy ...v,_1 by previous facts. For n =
5, there exists ¢3(v2) C @3(v1) with |ps(v2)Nes(vs)| < 1if and only if [¢3(v1)Nes(vs)| > 1. For
n = 6, there exists p3(ve) C @3(v1) with |@3(v2)Nes(ve)| > 1 if and only if |¢5(v1)Nes(ve)| < 2.
For n = 7, there exists @3(v2) C @3(v1) with |ps(v2) N ps(v7)| < 2 for any possible color set
@3(v1) since @3(v1) \ p3(v7) # 0. Thus (iii), (iv), and (v) are all true. O

By Lemma 3.1 (i)—(iv), we immediately have the following corollary on precoloring of 7-
cycle.

Lemma 3.2 Let C = ugujugusgugusugug be a 7-cycle.

(i) For a precoloring s of {ug,uz}, C is (g3, {uo,uz})-colorable if and only if |ps(ug) N
p3(u2)| = 2.

(ii) For a precoloring p3 of {ug,us}, C is (v, {ug,us})-colorable if and only if |p3(up) N
p3(us)| =1.

In a graph G, a d-Cy-replacement operation on a given edge ¢ = zy € E(G) is to replace
the edge e with a 7-cycle C7 = vyv1 ...vgug by identifying x with vy and identifying y with
vg. When d is not explicitly stated, we just call it a C;-replacement operation on the edge
e € E(G). A necklace in G is a subgraph obtained from a thread by applying C7-replacement
operations on some edges. A vertex z is an end vertez of the necklace if and only if z is an end
vertex of the thread. A necklace with end vertices x,y is also called an (z,y)-necklace, denoted
by N(z,y).

Lemma 3.3 Let N(z,y) be a necklace with a precoloring @3 of {x,y}. Suppose that the
distance between x and y is d(x,y) = t.

(i) If t <3 and |@3(2) Ns(y)| = 2 + (1) - 72, then N(z,y) is (g3, {z,y})-colorable.

(i) Ift =4 and 1 < |ps(x) N3(y)| <2, then N(z,y) is (s, {z,y})-colorable.

(iii) If t = 5 and |ps(z) N@s(y)| < 2, then N(x,y) is (@3, {x, y})-colorable.

(iv) Ift > 6, then N(z,y) is (vs, {z,y})-colorable.

Proof (i) The statement is clear when t = 1,2. So we assume ¢t = 3 and let zz1y1y be
a shortest (z,y)-path in the necklace N(z,y). If  and y are in the same 7-cycle, then the
statement follows by Lemma 3.2 (ii). Otherwise, we may assume, w.l.o.g., that z1y; and y1y
are not in a common 7-cycle. So it is enough to color y; with ¢3(y1) such that ¢3(y1)Nes(y) =0
and |ps3(y1) N@s(z)| = 2. Then by the case t = 2 we can extend this coloring 3 to become a
fractional (7 : 3)-coloring of N(z,y). To construct such a coloring ¢3(y1), we select two colors
a, B € p3(x)\ps3(y) and another color v € [7]\ (p3(x)Ups(y)), and then define p3(y1) = {«, 5,7}
as desired.

(ii) Let zzq2y1y be a shortest path in the necklace N(x,y). Then there exist two consecutive
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edges in the path xx;2zy;y that does not belong to a common 7-cycle. By symmetry, we have
two cases as follows. If x1z and zy; are not in a common 7-cycle, then it suffices to color z
with ¢3(z) such that |ps(x) N @s(2)] = |¢3(z) Nes(y)| = 2. With an application of (i), this
coloring (3 can be extended to a fractional (7 : 3)-coloring of N(z,y). To this end, we select
colors a € a(z) N s(y), B € wa(x) \ wa(y), and 7 € ps(y) \ ps(a) to set p3() = {a, B,7} as
required. Assume instead that zy; and y;y are not in a common 7-cycle. Hence, by applying
(i), it suffices to color y; with ¢3(y1) such that |¢3(z) Nes(y1)| =1 and |e3(y1) N es(y)| = 0.
Now we choose two colors a, 5 € [7] \ (p3(x) Ups(y)) and a color v € p3(x) \ ¢3(y) to define
¢3(n) = {a, 5,7} as required.

(iii) Let xxq12122y1y be a shortest path of length 5 in the necklace N(x,y). By symmetry,
in the path zxiz120y1y there are two cases for the existence of two consecutive edges which
do not belong to a common 7-cycle. Assume first that z;zo and 29y; are not in a common
7-cycle. By applying (i), it is enough to color z; with ¢3(22) such that |ps(z) Nps(z2)] = 1 and
lp3(22)Nep3(y)| = 2. Soif 1 < |ps(x)Neps(y)| < 2 we choose o € @3(x)Np3(y), B € ws(y)\ws(z),
and v € [7]\ (¢3(x) U ps(y)); if |@3(x) N @s(y)| = 0 we choose a, 3 € ¢3(y) and v € p3(z).
Hence we can define ¢3(z2) = {«, 3,7} as desired. Now assume instead that zoy; and y1y
are not in a common 7-cycle. By applying (i) and (ii), it suffices to color y; with ¢3(y1) such
that 1 < |ps(2) 1 ea(yn)] < 2 and [ps(yn) N @s(y)] = 0. T 1< [ps(x) N ps(y)] < 2 we choose
a € ps3(x) \3(y) and 8,7 € [7]\ (p3(x) Ups(y)); if [ps(x) Nps(y)| = 0 we choose a, 3 € p3(x)
and v € [7] \ (p3(x) Ups(y)). Thus we can define ¢3(y1) = {«, 3,7} as required. This proves
(i)

(iv) Let z1 be the first cut-vertex of N(z,y) in the shortest (z,y)-path. That is, the subpath
from x to 1 either lies in a common 7-cycle or is an edge xx1. We divide our discussion according
to the distance d(z,z1) € {1,2,3}. If d(x,z1) = 1, then d(z1,y) > 5. By induction on ¢ and by
applying (iii), it is enough to color x; such that p3(x1) C @3(x) and |p3(z1) Nps(y)| < 2. This
can be done since we can select a color o € @3(x)\ p3(y) and other two colors 3,v € ¢3(x)\ {a}
to formulate p3(z1) = {a, 8,7} as required. If d(z,x1) = 2, then d(z1,y) > 4. By induction
on t and by applying (ii) and (iii), it suffices to color x; such that |p3z(z1) N @3(z)| = 2 and
1 < ps(z1)Nes(y)] < 2. When ¢3(z) = p3(y), we choose a, 5 € p3(z) = p3(y) and v € @3(x);

when @3(x) # @3(y), we select o € 3(z) \ 3(y), B € p3(y) \ p3(x), and v € p3(x) \ {a}. Thus
we can define w3(y1) = {«, 8,7} as required. Finally, assume instead that d(z,z;) = 3, and

so d(x1,y) > 3. By induction on t and by applying (i)—(iii), it suffices to color z; such that
[pa(z1) Nps(x)| = lws(z1) N3(y)] = 1. Soif pz(z) = @3(y), then we choose a € w3(z) = p3(y)
and 3,7 € @s(x); if vs(x) # ps(y), then we select a € ws(x) \ @s(y), € s(y) \ vs(z), and
v € [7]\ (ps3(x) Ues(y)). Hence we can set ws3(y1) = {«, 3,7} as desired. This completes the
proof. O

Let H(a,b;c,d) be the graph obtained from a necklace N(z,y) with d(x,y) = ¢ by adding
an (z1,z)-thread and an (w2, z)-thread at x with d(x,21) = a and d(x,z2) = b, and adding a
(y1,y)-thread and a (ys2,y)-thread at y with d(y,y1) = ¢ and d(y,y2) = d (possibly ¢ = d = 0,
and in this case y = y; = y2). Define W = {x1, x2,y1,y2} to be the end vertices of Hy(a,b;c,d).

See Figure 2 for an illustration.
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Hs5(2,1;0,0) Hy(2,2;3,3)

Figure 2 The graphs H5(2,1;0,0) and H2(2,2;3,3).

Lemma 3.4 Let W = {x1,22,91,y2} be the end vertices of Hi(a,b;c,d), and let v3 be a
precoloring of W.

(i) If |es(z1) Ns(xz2)| = 1, then Hy(2,1;0,0) and Hy(2,2;0,0) are (w3, W)-colorable.

(ii) If |ps(x1) Nps(a2)| =0, then Hs(3,3;0,0) is (w3, W)-colorable.

(i) If |ps(x1)Ns(z2)| = 1 and |@3(y1)Nps(y2)| = 1, then H3(2,2;2,2) is (g3, W)-colorable.

(iv) If |os(z1)Ns(z2)| = 1 and |ps(y1)Nps(y2)| = 0, then H2(2,2;3,3) is (g3, W)-colorable.
Proof (i) To show that Hs(2,1;0,0) is (@3, W)-colorable, it is enough to color z with ¢3(z)
such that |p3(x) N es(z1)] = 2, |es(z) N es(x2)] = 0 and |ps(x) N es3(y)| < 2, and then
the rest follows from Lemma 3.1 and Lemma 3.3 (iii). To this end, we choose a color a €
@3(z2) \ v3(y), and then choose other two colors 8,y € @¢3(z2) \ {a} appropriately such that
[{a, 8,7} Ns(z1)| = 2. This is possible since [p3(z1) N ps(22)| = 1 and |@3(x1) N3 (2)| = 2.
Now we define p3(z) = {«, 3,7}, which provides a desired coloring with |p3(z) N ps3(y)| < 2
since a ¢ p3(y).

To verify that H4(2,2;0,0) is (3, W)-colorable, by Lemma 3.1 and Lemma 3.3 (ii), it
suffices to color z with ¢s(z) such that |ps(x) N @s(z1)] = |es(z) N ws(z2)] = 2 and 1 <
lps(x) N es(y)| < 2. Denote wz(x1) N ps(zz) = {a}. If @ € p3(y), then we select a color
B € (p3(x1) Ups(z2)) \ v3(y), wlo.g., say 8 € g3(x1) \ v3(y), and then we choose a color
v € p3(z2) \ {a}. If o ¢ v3(y), then we choose a color 3 € (ps(z1) U ps(x2)) Nes(y), wlo.g.,
say B € ps(x1) Nws(y), and then we select a color v € w3(z2) \ {a}. Thus we can define
v3(z) = {a, 8,7}, which satisfies 1 < |p3(x) Np3(y)| < 2 as desired.

(ii) For proving that Hs(3,3;0,0) is (3, W)-colorable, we shall color z with ¢3(z) such that
los(z)Nps(z1)] = |es(x) Nes(z2)] = |ps(x)Nes(y)| = 1, and so the statement holds by Lemma
3.1 and Lemma 3.3 (i). Assume that |p3(x1)Nes(y)| > |es(z2) Nes(y)]. As |ps(x1)Nes(z2)] =
0, we have |¢p3(z1) Nws(y)| > 1. When |ps(x1) N ps(y)| = 3, we select o € ps(x1), B € B(x2),
and v € [7]\ (¢3(21) U p3(22)). When |@3(21) N @3(y)| = 2, we choose a € w3(21) \ ¢3(y)
and 8 € ¢3(y) \ w3(z1). Let v € w3(x2) if B & w3(x2), and let v € [7] \ (¢3(x1) U p3(z2))
if 8 € ps(x2). When [ps(z1) Nes(y)| = 1, let o € p3(21) \ 3(y), B € ws(x2) \ p3(y), and
v € @3(y) \ (p3(r1) U ps(x2)). In any case, we always define ps(x) = {«, 3,7} satisfying
93(2) N @s(@1)] = lpa(@) N a(22)] = s() N pa(y)| = 1 as required. This proves (i)

(iii) For convenience, we may assume that @3(z1) = {1,2,3}, v3(z2) = {1,4,5}, p3(y1) =
{a, B1,71}, and @3(y2) = {a, B2,¥2}, where «, (1,71, 82,72 are distinct colors.

Now we show that H3(2,2;2,2) is (@3, W)-colorable. The arguments are divided into three
cases as follows. First, assume that « = 1. As {2,3,4,5} N {51, B2, 71,72} # 0, we may, w.l.o.g.,
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assume that 51 = 2. Then we choose 6, € {4,5}\ {71} and define p3(x) = {1,2,6,}. Similarly,
we choose 02 € {B2,72}\ {61} and define p3(y) = {1,741, 62}. Hence we have |ps(z)Nps(y)| = 1,
and we can extend @3 to become a fractional (7 : 3)-coloring of H3(2,2;2,2) by Lemma 3.1
and Lemma 3.3 (i). Second, we assume that o € {2,3,4,5}, and w.l.o.g., say « = 2. Recall
that B1,71, 32,72 are distinct colors, and we have 1 ¢ {81,71} or 1 ¢ {f2,72}. W.lLo.g., we
assume that 1 ¢ {02,v2}. Note that 1 # 81 or 1 # 71, say 1 # (1. Choose 61 € {4,5}\ {01}
and 02 € {B2,72} \ {#1}. Define ¢3(x) = {1,2,601} and 3(y) = {2,51,02}. Hence we have
los(z) N es(y)] = 1, and thus we are done by Lemma 3.1 and Lemma 3.3 (i). At last, we
assume « € {6, 7}, say a = 6. Note that |{2,3,4,5} N {61,71, B2,72}| > 1, w.lo.g., say /1 = 2.
Choose 03 € {B2, 72} \{1} and 6; € {4,5}\{02}. Define p3(z) = {1,2,0,} and p3(y) = {2,6,02}.
Hence always get |ps3(2) Nw3(y)| = 1, and we are done by Lemma 3.1 and Lemma 3.3 (i). This
finishes the proof of (iii).

(iv) For convenience, we may denote ws3(y1) = {1,2,3}, ¢3(y2) = {4,5,6}, p3(z1) =
{a, B1,71}, and p3(x2) = {a, B2,72}, where «, 81,71, B2, 2 are all distinct colors. When aw = 7,
as 01 € {1,2,3,4,5,6}, we may, w.l.o.g., assume 5; = 1. Now we define ¢3(z) = {1,7, 52} and
choose 0 € {4,5,6} \ {B2} to define p3(y) = {1,7,0}. When a # 7, we may, w.l.o.g., assume
a=1. As{a,B1,71,02,72} N{4,5,6} # (), we may, w.l.o.g., assume 3; = 4. Then we define
w3(y) = {1,4,7} and choose 0 € {#2,72} \ {7} to define p3(z) = {1,4,0}. Thus we always have
los(z) Nes(y)| = 2 in any case, and then H»(2,2;3,3) is (p3, W)-colorable by Lemma 3.1 and
Lemma 3.3 (i). This completes the proof. O

3.2 Completing the Proof of Theorem 1.8

Now we prove Theorem 1.8 restated below for convenience.

Theorem 1.8. FEvery plane graph of girth at least 7 without cycles of length from 8 to 35 is
fractional (7 : 3)-colorable.

Proof By contradiction, suppose that Theorem 1.8 is false. Let G be a counterexample with
|[V(G)| + |E(G)| minimized. Then we have the following claim, whose proof is the same as that
of Claim 2.1 and thus omitted.

Claim 3.1 G is 2-connected. In particular, §(G) > 2.

For 3 > a > b > 1, define B;(a, b;0,0) as the graph obtained from an Hy(a, b;0,0) by joining
a new (z1,zz)-path of length 7 — a — b, where the vertices in the new (z1, z3)-path (including
Z1,x2) may have arbitrary degrees in G. Let

By = {B5(2,1;0,0), B4(2,2;0,0), B3(3,3;0,0)}.

For3>a>b>1and 3 >c¢>d > 1, define B;(a,b;c,d) to be the graph obtained from
an Hy(a,b;c,d) by joining a new (x1,x2)-path of length 7 — a — b and a new (yi,y2)-path of
length 7 — ¢ — d, where the vertices in each new (21, z2)-path and new (y1,y2)-path (including
Z1,%2,Y1,Yy2) may have arbitrary degrees in G. Denote

By = {B3(2,2:2,2), B2(2,2;3,3)} and B =By UBs.

That is, the graphs in B; consist of a necklace N(z,y) and a 7-cycle C, with a common vertex
x, where in C, there exist an (a — 1)-thread and a (b — 1)-thread starting at x; the graphs in

Bs consist of a necklace N(z,y) and two 7-cycles C, and C, with common vertices « and y,
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respectively, where in C,, there exist an (a — 1)-thread and a (b — 1)-thread starting at z and
in Cy there exist a (¢ — 1)-thread and a (d — 1)-thread starting at y.

Claim 3.2 (i) G contains no necklace N(x,y) with dg(x,y) > 6.

(ii) G contains none of the graphs in 5.

Proof of Claim 3.2 (i) Suppose to the contrary that G contains a necklace N(z,y) with
da(z,y) > 6. By the minimality of G, G — (V(N(z,y)) \ {z,y}) has a fractional (7 : 3)-
coloring . By Lemma 3.3 (iv), ¢ can be extended to a fractional (7 : 3)-coloring of N(z,y),
and thus it results in a fractional (7 : 3)-coloring of G, a contradiction.

(ii) Let B be a graph in B with end vertices x1, 22, y1,y2. (In some situation, we may have
y1 = y2 = y.) Then G — (V(B) \ {x1,22,y1,y2}) admits a fractional (7 : 3)-coloring ¢ by the
minimality of G. Applying Lemma 3.4 (i)—(iv), the precoloring {p(z1), p(z2), ©(y1), ¢(y2)} of
{x1,z2,y1,y2} can be extended to a fractional (7 : 3)-coloring of B. Combining the coloring ¢
of G — V(B), we obtain a fractional (7 : 3)-coloring of G, a contradiction.

From G, we obtain a subgraph G’ as follows: for each facial 7-cycle C' of G, if there exists
a 2-vertex in C, then we delete all the 2-vertices of a longest thread of C. Clearly, the obtained
graph G’ is a plane graph of girth at least 7, and it contains no cycles of length from 8 to 35;
moreover, each facial 7-cycle of G’ contains no 2-vertices. It is also easy to check that G’ has
minimal degree at least 2 by its construction.

Let T'(vg,vt4+1) be a (vg,vey1)-thread of G'. If vgvy is in a facial 7-cycle Cy of G whose 2-
vertices of a longest thread is deleted in G’, then we say that vy is a bad end vertex of T'(vg, v¢11);

otherwise, vg is called a good end vertex of T(vy, viy1).

Claim 3.3 Let T'(vp,v441) = voU1032 . .. 4041 be a t-thread of G'. If vy is a good end vertex
of T'(vg, ve41), then t <4 (ie., d(vg, vi41) < 5).

Proof of Claim 3.3. Suppose to the contrary that ¢ > 5. If v.y; is a good end vertex of
T'(vo,ve41), then the thread T'(vo,vey1) in G transfers to a necklace N(vg,vi41) in G with
de(vg,ver1) =t + 1 > 6, which is a contradiction to Claim 3.2 (i). So we assume v;v;47 is in a
facial 7-cycle Cy of G whose 2-vertices of a longest thread is deleted in G’. We denote j be the
index such that v;_qv; ¢ E(Cy) and v;v;41 € E(C}), and we define y = v;. By the construction
of G', we have j >t — 2. If j =t — 2, then G contains a Bs(3,3;0,0); if j = ¢t — 1, then G
contains a B4(2,2;0,0); and if j = ¢, then G contains a Bj(2,1;0,0). Thus G contains a graph
in By, a contradiction to Claim 3.2 (ii).

Claim 3.4 G’ contains no 8*-thread.

Proof of Claim 3.4 Suppose to the contrary that G’ has an 8" -thread T'(vg, vs41) = vov1v2 « - -
vivp41 with ¢ > 8. By Claim 3.3, we have that vy and v;41 are bad end vertices of T'(vg, v¢41).
Let Cy be the T-cycle of G containing vyv; whose 2-vertices of a longest thread is deleted in G'.
We denote by i the index such that v;_1v; € E(Cy) and v;v,41 ¢ E(Cp). By the construction of
G’, we have i < 3. Then T(v;, V441) = V;Vi11Vit2 ... Vs 18 a (¢ — i)-thread (where t —i > 5)
of G’ with v; being a good end vertex, which is a contradiction to Claim 3.3.

Claim 3.5 G’ contains no (ki, ks, k3)-thread such that ky + ko + k3 > 16.

Proof of Claim 3.5 Suppose to the contrary that G’ has a (k1, ko, k3)-thread with center vertex
z and end vertices u, v, w such that dg (z,u) = k1 + 1, dg/(x,v) = ka + 1, dev (z,w) = ks + 1
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and kq + ko + ks > 16. Let zuy (zvy, xws, resp.) be the edge incident with z in the (x, u)-thread
((x,v)-thread, (z,w)-thread, resp.) of G’. Assume that any two of zu;,xv;, zw; are not in a

common facial 7-cycle of G. Note that

k1 + ko + k3
3

max{dg: (x,u),dg (x,v),dg (x,w)} > ’V + 1—‘ >7,

w.l.o.g., say dg/ (z,u) > 7. Hence G’ contains an (z,u)-thread with z being a good end vertex,
a contradiction to Claim 3.3.

Assume instead that two of xuq,xvy,zw; are in a common facial 7-cycle C, of G whose
2-vertices of a longest thread is deleted in G’, we may, w.l.o.g., assume zvy,zw; € E(C;) and
zuy ¢ E(C,). Let v be the common neighbor of C, and the (x,v)-thread T'(z,v) such that
dg(z,v") is as large as possible, and let w’ be the common vertex of C, and the (x, w)-thread
T(x,w) such that dg(z,w’) is as large as possible. By Claim 3.3, we have that dg/ (z,u) < 5,
de(v',v) <5 and dg/(w',w) < 5. Then dg/(z,v') + dg/(z,w') > 19—5—5—5 = 4. By the
construction of G, we have dg (z,v') + de (z,w') < ?57. Hence dg(x,v') + de (z,w') = 4,
de/(v,w') = 3, der(x,u) = 5, dg(v',v) = 5 and dg(w',w) = 5. Note that dg (x,v") > 2 or
de(z,w') > 2, say dgr(x,v") > 2. If v is a good end vertex of T'(v,v'), then the thread T'(v,v")
in G’ transfers to a necklace N(v,v’) in G, and hence G contains a B5(2,1;0,0), a contradiction
to Claim 3.2 (ii). Assume that C, is the 7-cycle of G containing vy whose 2-vertices of a longest
thread is deleted in G’, where y is the neighbor of v in the (v, z)-thread. Let 3’ be the common
neighbor of C, and the (v, x)-thread T'(v,x) such that dg(v,y’) is as large as possible. By the
construction of G, we have d(v,y’) < 3. Notice that the thread T(y’,v") in G’ transfers to a
necklace N(y',v’) in G. If d(v,y’) = 3, then G contains a B(3,3;2,2); and if d(v,y’') = 2, then
G contains a B3(2,2;2,2); and if d(v,3’) = 1, then G contains a B4(2,2;2,1), hence G contains
a B4(2,2;0,0). In any case, G contains a graph in B, a contradiction to Claim 3.2 (ii).

Now we are ready to complete the proof by a discharging method on G’.

Let F(G’) be the set of faces of G’. From Euler Formula, we have

> (;dgl(v) — 7> + > (de(f)-7) = -14. (3.1)
VeV (GY) FEF(GY)

Assign an initial charge cho(v) = Sdg(v) — 7 for each v € V(G'), and cho(f) = de/ (f) — 7
for each f € F(G’). Hence the total charge is —14 by Eq. (3.1).

We redistribute the charges according to the following rules.

(RI) Every 36T -face of G' gives charge % to each of its incident vertices.

(RII) Every 3T -vertex of G’ gives charge 376 to each of its weakly adjacent 2-vertices.

Let ch denote the charge assignment after performing the charge redistribution using rules
(RI) and (RII).
Claim 3.6 We have ch(f) > 0 for each f € F(G’) and ch(v) > 0 for each v € V(G').
Proof of Claim 3.6 Clearly, each 7-face f has charge ch(f) = cho(f) = 0. Each 36%-face f

sends charge 22 to each incident vertices by (RI). So

h(f) = cho(f) — e (F) = de (F) = T~ o (f) = - de () =7 > 0.

Hence ch(f) > 0 for each f € F(G’), and it remains to show that ch(v) > 0 for each v € V(G’).
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First we assume dg (v) = 2. Then cho(v) = —2. By Claims 3.1 and 3.4, v is weakly adjacent
to two 3*-vertices, and thus v receives charge . x 2 from them by (RII). By (RI), v receives
charge 22 x 2 from its two incident faces. Thus ch(v) = =2+ J x 24 32 x 2=0.

Next we assume dg/(v) > 3. Let t(v) be the number of 2-vertices weakly adjacent to wv.
Suppose v is adjacent to r(v) facial 7-cycles. Since G’ contains no cycles of length from 8 to
35, any two 7-cycles of G’ have no common edge, and thus r(v) < dG/Q(”). By Claim 3.4 and by
the construction of G’, each thread incident with v contains at most seven 2-vertices and each
7-cycle contains no 2-vertices, and so we have t(v) < 7(dg(v) — 2r(v)). By (RI), v receives
charge 22 (der(v) — r(v)) from its incident faces. By (RII), v sends 7/36 to each of its weakly
adjacent 2-vertices. Therefore, we have

ch(v) = (gdg (v) - 7) + 22 (dG/ (v) r(v)) - 37615(11). (3.2)

Assume that dgs(v) > 4. By Eq. (3.2), it follows from ¢(v) < 7(dg(v) — 2r(v)) that

chv) > Ddgr(v) ~ T+ o (der(v) = (0) — o Tldeo(v) — 2r(v))
= ?ch/ (2)) -7+ ng(U)
35 7
> 18.4_7: 9 > 0.

Assume instead that dg/(v) = 3. Then cho(v) = § and r(v) < 1. If r(v) = 1, then t(v) < 7
by Claim 3.4. Thus by Eq. (3.2) we have

1 29 7 27
> B g .
ch(v)_2+36 2 36 7 36>0

If r(v) = 0, then ¢(v) < 15 by Claim 3.5. Thus it follows from Eq. (3.2) that
1 29 7
h(v) > -3—_ -15=0.
c(v)72+363 36 5=0
This proves Claim 3.6.

By Eq. (3.1) and Claim 3.6, we have

4= )" chov)+ Y. cho(f)= D ch(v)+ Y ch(f) =0,

VeV (GY) FEF(GY) VeV (GY) FEF(GY)

a contradiction. This contradiction finishes the proof of Theorem 1.8. O

4 Concluding Remarks

In this paper, we complete the proof of the fractional version of Conjecture 1.4, namely, every
planar graph of girth p without cycles of length from p 4+ 1 to p(p — 2) is fractional (p : ? gl)—
colorable for any prime p > 5. However, the related fractional version of Conjecture 1.1 is still
open for k > 3. In view of Theorem 1.3 (ii), it would be interesting to attempt to make an
improvement on its fractional version, that is, to show that every planar graph of girth at least
14 is fractional (7 : 3)-colorable. There are also some versions of those circular and fractional
coloring problems concerning forbidden odd cycles, and we refer the readers to [11] for more

details.
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