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Abstract
A sign-circuit cover F of a signed graph ðG; rÞ is a family of sign-circuits which
covers all edges of ðG; rÞ. The shortest sign-circuit cover problem was initiated by
Má�cajová, Raspaud, Rollová, and Škoviera (JGT 2016) and received many attentions
in recent years. In this paper, we show that every flow-admissible signed 3-edge-
colorable cubic graph ðG; rÞ has a sign-circuit cover with length at most 20

9 jEðGÞj.

Keywords Signed graph · Sign-circuit cover · Cubic graph

1 Introduction

In this paper, graphs may have parallel edges and loops. A cycle is a connected 2-
regular graph. A graph is even if every vertex has even degree, and an Eulerian graph
is a connected even graph. A cycle cover C of an ordinary graph is a family of cycles
which covers all edges of G. We call C a cycle k-cover of G if C covers every edge of
G exactly k times. The length of a cycle cover C is defined as ‘ðCÞ ¼ P

C2C jEðCÞj.
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Determining the shortest length of a cycle cover of a graph G (denoted by
sccðGÞ ¼ minf‘ðCÞ : C is a cycle coverg) is a classic optimization problem initiated
by Itai, Lipton, Papadimitriou, and Rodeh [8]. Thomassen [20] showed that it is NP-
complete to determine whether a bridgeless graph has a Cycle cover with length at
most k for a given integer k. A well-known conjecture, the Shortest Cycle Cover
Conjecture, was proposed by Alon and Tarsi [1] as follows.

Conjecture 1.1 (Shortest Cycle Cover Conjecture) For any 2-edge-connected graph
G, sccðGÞ� 7

5 jEðGÞj.
The upper bound is achieved by the Petersen graph. Jamshy and Tarsi [9] proved

that Conjecture 1.1 implies the well-known Cycle Double Cover Conjecture
proposed by Seymour [18] and Szekeres [19]. The best known general result about
Conjecture 1.1 is obtained by Bermond, Jackson, Jaeger [2] and Alon, Tarsi [1],
independently.

Theorem 1.2 (Bermond et al. [2], Alon and Tarsi [1]]) Let G be a 2-edge-connected
graph. Then sccðGÞ� 5

3 jEðGÞj.
Several improvements of this upper bound for cubic graphs G have been made in

literature. Specifically, Jackson [12] showed that sccðGÞ� 64
39 jEðGÞj and Fan [6] later

showed that sccðGÞ� 44
27 jEðGÞj, Kaiser et al. [11] improved Fan’s result to

sccðGÞ� 34
21 jEðGÞj and Hou and Zhang [7] proved that sccðGÞ� 8

5 jEðGÞj if G has

girth at least 7 and sccðGÞ� 361
225 jEðGÞj if all 5-cycles of G are disjoint. Recently,

Lukoťka [15] showed that sccðGÞ� 212
135 jEðGÞj for all 2-edge-connected cubic graphs

G. For more results about cycle cover of graphs, one can refer [17, 24].
A signed graph ðG; rÞ is a graph G associated with a mapping

r : EðGÞ ! fþ1;�1g. An edge e 2 EðGÞ is positive if rðeÞ ¼ 1 and negative if
rðeÞ ¼ �1. A signed graph G is called positive if G contains an even number of
negative edges and otherwise called negative. In a signed graph, a cycle with an even
number of negative edges is called a balanced cycle, and otherwise we call it an
unbalanced cycle. A barbell is a signed graph consisting of two unbalanced cycles
joined by a (possibly trivial) path, intersecting with the cycles only at ends. If the path
in a barbell is trivial, the barbell is called a short barbell; otherwise, it is a long barbell.

A balanced cycle or a barbell is called a sign-circuit of a signed graph.

Remark We should mention that a circuit in a graph or a signed graph, in the
matroid sense, can be defined as a minimal dependent set of graphical matroid or
signed-graphical matroid. It has been proved that circuits in graphical matroid or
signed-graphical matroid are equivalent to the cycles and sign-circuits of graphs or
signed graphs (see [23]). To avoid the confusion for the readers not familiar with the
matroid theory, we use cycle in graphs and sign-circuit in signed graphs in this
article. A sign-circuit cover F of a signed graph is a family of sign-circuits which
covers all edges of ðG;rÞ. In fact, it is well-known that a signed graph has a sign-
circuit cover if and only if each edge lies in a sign-circuit, which is equivalent to the
fact that the signed graph admits a nowhere-zero integer flow, so-called, flow-
admissible. (Readers may refer to [3] for details). A collection C of subgraphs of a
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signed graph H is a weak sign-circuit cover of H if all the elements of C are sign-
circuits and each non-bridge edge of H is covered by C. The shortest length of a sign-
circuit cover of a signed graph ðG; rÞ is also denoted by scc(G). The shortest sign-
circuit cover problem was initiated by Má�cajová et al. [16] and received many
attentions in recent years. It is a major open problem for the optimal upper bound of
shortest sign-circuit cover in signed graphs.

Problem 1.3 What is the optimal constant c such that sccðGÞ� c � jEðGÞj for every
flow-admissible signed graph ðG; rÞ ?

As remarked in [16], the signed Petersen graph ðP; rÞ whose negative edges
induce a cycle of length five has sccðPÞ ¼ 5

3 jEðPÞj, which indicates c� 5
3. We list

some of known results related to Problem 1.3.

(1) c� 11 by Má�cajová et al. [16].
(2) c� 14

3 by Lu et al. [14].

(3) c� 25
6 by Chen and Fan [5].

(4) c� 11
3 by Kaiser et al. [10].

(5) c� 19
6 by Wu and Ye [21].

For any flow-admissible 2-edge-connected cubic signed graph ðG; rÞ, Wu and Ye
[22] obtained a better upper bound that sccðGÞ� 26

9 jEðGÞj. For ordinary 3-edge-

colorable cubic graph G, Bermond et al [2] showed that sccðGÞ� 4
3 jEðGÞj: In this

article, we focus on the shortest sign-circuit cover of signed 3-edge-colorable cubic
graphs and prove the following theorem.

Theorem 1.4 Every flow-admissible signed 3-edge-colorable cubic graph ðG; rÞ
has a sign-circuit cover with length at most 20

9 jEðGÞj.
An equivalent version of the Four-Color Theorem states that every 2-edge-

connected cubic planar graph is 3-edge colorable. So we have the following
corollary.

Corollary 1.5 Every flow-admissible 2-edge-connected cubic planar signed graph
ðG; rÞ has a sign-circuit cover with length at most 20

9 jEðGÞj.
Now we introduce more notation and terminologies used in the following sections.

LetG be a graph and T � V ðGÞwith jT j � 0ðmod 2Þ. AT-join J ofGwith respect to T
is a subset of edges of G such that dJ ðvÞ � 1ðmod 2Þ if and only if v 2 T , where dJ ðvÞ
denotes the degree of v in the edge-induced subgraphG[J]. AT-join isminimum if it has
minimumnumber of edges among all T-joins. LetG0 be the graph obtained from a graph
G by deleting all the bridges ofG. Then the components ofG0 are called the bridgeless-
blocks ofG. By the definition, a bridgeless-block is either a single vertex or a maximal
2-edge-connected subgraph ofG. For a vertex subsetU � V ðGÞ, dGðUÞ denotes the set
of edgeswith one end inU and the other inV ðGÞ n U . Let u, v be two vertices inV(G). A
(u, v)-path is a path connecting u and v. LetC ¼ v1. . .vrv1 be a cycle where v1; v2; . . .; vr
appear in clockwise on C. A segment of C is the path viviþ1. . .vj�1vj (where the sum of
the index is under modulo r) contained inC and is denoted by viCvj. A connected graph
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H is called a cycle-tree [22] if it has no vertices of degree 1 and all cycles ofH are edge-
disjoint. In a signed graph, switching a vertex u means reversing the signs of all edges
incident with u. Two signed graphs are equivalent if one can be obtained from the other
by a sequence of switching operations, and a signed graph is balanced if and only if it is
equivalent to an ordinary graph. The set of negative edges of ðG; rÞ is denoted by
EN ðG; rÞ.

The rest of the article is organized as follows. Some basic lemmas about signed
graph and T-join and a crucial lemma which deals with a special case in our proof are
given in Sect. 2. Then we are able to complete the proof of Theorem 1.4 in Sect. 3
and we will finish with some discussions and remark.

2 Some Lemmas

The following lemma due to Bouchet [3] characterized connected flow-admissible
signed graphs.

Lemma 2.1 (Bouchet [3]) A connected signed graph ðG; rÞ is flow-admissible if and
only if it is not equivalent to a signed graph with exactly one negative edge and it has
no bridge e such that ðG� e; rjG�eÞ has a balanced component.

Lemma 2.2 (Li et al. [13]) Let T be a spanning tree of a signed graph G. For every
e 62 EðTÞ, let Ce be the unique cycle contained in T þ e. If the cycle Ce is balanced
for every e 62 EðTÞ, then G is balanced.

Wu and Ye [21] gave a lemma to control the size of a T-join.

Lemma 2.3 (Wu and Ye [21]) Let G be a 2-edge-connected graph and T be subset of
vertices with |T| even. Then G has a T-join of size at most 1

2 jEðGÞj.
The following two results gave upper bounds of scc(G) with G under some

constrains.

Lemma 2.4 (Chen and Fan [4] and Kaiser et al. [10]) Let ðG; rÞ be a signed graph
and suppose that each bridgeless-block of G is Eulerian.

(a) (Corollary 1.5 in [4]) If ðG;rÞ is flow-admissible, then sccðGÞ� 3
2 jEðGÞj.

(b) (Corollary 2.6 in [10]) If the union of all the bridgeless-block of G, denoted by
H, is positive (this is equivalent to H is a tree of Eulerian graphs with �0ðHÞ
even as stated in Corollary 2.6 in [10]), then there exists a family of sign-
circuits F which covers H with length at most 4

3 jEðGÞj.

A combination of the above two lemmas leads to the following.

Lemma 2.5 Let F be a 2-factor of a 2-edge-connected cubic sign graph ðG; rÞ. If F
contains an even number of negative edges, then there exists a family of sign-circuits
F which covers F with length at most 10

9 jEðGÞj.
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Proof We may assume that the 2-factor F consists of cycles C1;C2; . . .;Ct. Denote
by G� the graph obtained from G by contracting each cycle Ci of F to a single vertex
ci.

Since F contains an even number of negative edges, the number of unbalanced
cycles in F is even. Without loss of generality, we may assume that C ¼
fC1;C2; :::;C2sg is the set of unbalanced cycles of F. Let T ¼ fc1; c2; :::; c2sg and J
be a minimum T-join of G� with respect to T. Since G is 2-edge-connected and G� is
obtained from G by contracting edges, G� is 2-edge-connected as well. By
Lemma 2.3, we have jJ j � 1

2 jEðG�Þj ¼ 1
6 jEðGÞj. Consider the edge set F [ J in G,

and we view it as an edge-induced subgraph of G. By the definition of T-join, we can
apply Lemma 2.4(b) to F [ J , i.e., there exists a family of sign-circuits F which
covers F with length

‘ðF Þ� 4

3
jEðF [ JÞj

¼ 4

3
jEðFÞj þ jEðJÞjð Þ

� 4

3

2

3
jEðGÞj þ 1

6
jEðGÞj

� �

¼ 10

9
jEðGÞj:

This proves the lemma. □

The proof of the following lemma is inspired by the proof of Lemma 3.7 in [13]
on flows of 3-edge colorable cubic signed graphs.

Lemma 2.6 Let C be an unbalanced cycle of a cubic signed graph ðG; rÞ. If ðG; rÞ
is flow-admissible and G� EðCÞ is balanced, then ðG; rÞ has a family F of sign-
circuits such that

(1) E(C) is covered by F, and
(2) the length of F satisfies ‘ðF Þ� 8

9 jEðGÞj þ jEðCÞj.

Proof Let G0 ¼ G� EðCÞ. Since G0 is balanced, with some switching operations,
we may assume that all edges in EðG0Þ are positive and thus EN ðG; rÞ � EðCÞ.

Let M be a component of G0. The cycle C was divided by the vertices of M into
pairwise edge-disjoint paths (called segments) whose end-vertices lie in M and all
inner vertices lie in C. An end-vertex of a segment is called an attachment of M. A
segment is called positive (negative, resp.) if it contains an even (odd, resp.) number
of negative edges. Note that M [ S is unbalanced (balanced, resp.) if and only if the
segment S is negative (positive, resp.). Since M [ C is unbalanced, the number of
negative segments determined by M is odd. □

Case 1. There exists a component M of G0 that determines more than one negative
segments.

Then in this case M determines at least three negative segments and so jEðCÞj � 3.
Let u1Cv1; u2Cv2; u3Cv3 be three consecutive negative segments (in clockwise order)
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where ui and vi are attachments for i ¼ 1; 2; 3. Then v1Cu2; v2Cu3 and v3Cu1 must be
positive segments because C is unbalanced. This implies that C can be partitioned
into three pieces: u1Cu2; u2Cu3, and u3Cu1 all contain an odd number of negative
edges. Note that ui and uj are not adjacent in G for distinct i; j 2 f1; 2; 3g since G is
cubic. Let P1 be a ðu1; u2Þ-path inM. SinceM is connected, there is a path P2 from u3
to P1 such that jV ðP2Þ \ V ðP1Þj ¼ 1. Let v be the only common vertex in P1 and P2.
Then C;P1;P2 form a signed graph H1 as illustrated in Fig. 1.

Note that jEðH1Þj� 2
3 jEðGÞj þ 2 since G is cubic and there are exactly four

vertices of degree 3 in H1. Divide P1 into two pieces inM: u1P11v and vP12u2, denote
by B1 ¼ u1P11v [ vP12u2 [ u2Cu1;B2 ¼ u3P2v [ vP11u1 [ u1Cu3;B3

¼ u2P12v [ vP2u3 [ u3Cu2. Note that each of u2Cu1; u1Cu3; u3Cu2 contains an even
number of negative edges. So B1;B2;B3 are all balanced cycles and F 1 ¼ fB1;B2g,
F 2 ¼ fB2;B3g, F 3 ¼ fB3;B1g are all sign-circuit covers of H1, which are also sign-
circuit covers of C since EðCÞ 	 EðH1Þ. Note that B ¼ fB1;B2;B3g is a double
cover of H1. So we have

min ‘ðF 1Þ; ‘ðF 2Þ; ‘ðF 3Þf g� 1

3
‘ðF 1Þ þ ‘ðF 2Þ þ ‘ðF 3Þð Þ

¼ 2

3
‘ðBÞ ¼ 4

3
jEðH1Þj

� 4

3

2

3
jEðGÞj þ 2

� �

\
8

9
jEðGÞj þ jEðCÞj:

Case 2. Each component of G0 determines exactly one negative segment.
Let M denote the set of all components of G0. For each component M, denote by

SM ¼ uCv the negative segment determined by M where u and v are two attachments
of M on C. Denote by S0M ¼ vCu the cosegment of SM , which is the complement of

Fig. 1 H1 ¼ C [ P11 [ P12 [ P2, negative segments are dashed
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SM on C. Then EðSM Þ 6¼ ; and EðS0M Þ ¼ EðCÞ � EðSM Þ. We have the following two
conclusions:

Claim 2.7 (see Claim 3.7.2 in [13])

\M2MEðSM Þ ¼ ;;
or equivalently, [M2MEðS0M Þ ¼ C and jMj � 2.

Let S ¼ fS01; S02; :::; S0tg be a minimal cosegment cover of C. We have

Claim 2.8 (see Claim 3.7.3 in [13]) For any edge e 2 EðCÞ, e is contained in at most
two cosegments.

Proof (Proof Sketches of Claims 1 and 2:) For the sake of completeness, we present
the proof sketches of these two claims here. Suppose to the contrary \M2MEðSM Þ 6
¼ ; and e� 2 \M2MEðSM Þ: Then there is a spanning tree T of G� e� containing the
path P� ¼ C � e�. Let e ¼ uv 2 EðGÞ � e� � EðTÞ. Denote the unique cycle
contained in T þ e by Ce.

If EðCeÞ \ EðP�Þ ¼ ;, then Ce contains no negative edges and thus is balanced.
Otherwise since T contains all the edges in C � e�, EðCeÞ \ EðCÞ is a path P on C. let
u0 and v0 be the two end-vertices of P in clockwise order on C. Then Ce � V ðPÞ þ
fu0; v0g is a also a path and thus it is contained in some component M 2 M: This
implies that u0 and v0 are two attachments of M on C. Since e� belongs to the only
negative segment of C determined by M, u0Cv0 is the union of some positive
segments of C determined by M. Therefore Ce has an even number of negative edges
and thus is balanced. By Lemma 2.2, G� e� is balanced, contradicting Lemma 2.1.
This proves \M2MEðSM Þ ¼ ;. Since EðS0M Þ ¼ EðCÞ � EðSM Þ and
\M2MEðSM Þ ¼ ;, we have [M2MEðS0M Þ ¼ C. Since EðSM Þ 6¼ ; and
\M2MEðSM Þ ¼ ;, we have jMj � 2. This completes the proof of the claim 1.

Suppose to the contrary that there exists an edge e ¼ uv that belongs to three
cosegments L1; L2; L3 of S. Denote Li ¼ uiCvi for each i ¼ 1; 2; 3. Without loss of
generality, we may assume that u2 belongs to u1Cu. Then v2 doesn’t belong to u1Cv1
(see Fig. 2). Note that v3 belongs to u1Cu3. If u3 belongs to u1Cu, then both v3 and u3
belong to u1Cv1 and thus L1 [ L3 ¼ C (see Fig. 2a), contradicting the minimality of S.

Fig. 2 Three cosegments sharing an edge
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If u3 doesn’t belong to u1Cu, then u3 belongs to vCv2. SinceL3 contains uv, v3 belongs to
vCv2. Thus both v3 and u3 belong to u2Cv2. Therefore L2 [ L3 ¼ C (see Fig. 2b), also
contradicting the minimality of S. This completes the proof of the claim 2. □

For each i ¼ 1; :::; t, denote by S0i ¼ xiCyi and let Pi be a path in Mi connecting xi
and yi. Then Ci ¼ S0i [ Pi is a balanced Eulerian subgraph. By Claims 2.7 and 2.8,
we may assume that the vertices x1; yt; x2; y1; :::; xt; yt�1; x1 appear on C in clockwise
order. Then Ci \ Cj 6¼ ; if and only if jj� ij � 1ðmod tÞ. Moreover
jCi \ Ciþ1j ¼ xiþ1Cyi, where the sum of the indices are taken modulo t. See Fig. 3
for an illustration with t ¼ 5.

Let H2 ¼ C [ P1 [ P2 [ � � � [ Pt and Bi ¼ xiCyi [ yiPixi for i ¼ 1; 2; :::; t. Note
that Bi is a balanced cycle and so F ¼ fB1;B2; :::;Btg is a sign-circuit cover of C.
Obviously, jEðH2Þj � 2

3 jEðGÞj þ t since G is cubic and there are exactly 2t vertices
of degree 3 in H2. By Claim 2.8, F covers the edges in C at most twice and edges in
P1 [ � � � [ Pt exactly once. Let W be the set of edges covered by F twice. Then
W 	 EðCÞ. Since G is cubic, xi 6¼ yj for all i; j 2 f1; 2; :::; tg. So we have
jW j � jEðCÞj � t. Therefore,

‘ðF Þ ¼ jEðB1Þj þ jEðB2Þj þ � � � þ jEðBtÞj
� jEðH2Þj þ jEðCÞj � t

� 2

3
jEðGÞj þ t þ jEðCÞj � t

� 8

9
jEðGÞj þ jEðCÞj:

This completes the proof. □

Fig. 3 Minimal cosegment cover
of C with t ¼ 5
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3 Proof of Theorem 1.4

Proof of Theorem 1.4 Let f be a 3-edge coloring of connected cubic graph G. Let
R, B, Y be the three color classes of f. Recall that EN ðG; rÞ is the set of negative edges
in ðG; rÞ. Without loss of generality, we may assume R \ EN ðG; rÞj j �
B \ EN ðG; rÞj jðmod 2Þ: Denote by M1M2 the 2-factor induced by M1 [M2 for
each pair M1;M2 2 fR;B; Yg. Since jR \ EN ðG; rÞj � jB \ EN ðG; rÞjðmod 2Þ, RB
has an even number of unbalanced components. By Lemma 2.5, there exists a family
of sign-circuits F 1 which covers RB with length at most 10

9 jEðGÞj.
Case 1. RB contains an unbalanced cycle.
First, assume that jY \ EN ðG; rÞj has the same parity with jR \ EN ðG; rÞj. Then

RY has an even number of unbalanced cycles. By Lemma 2.5, we can find a family of
sign-circuits F 2 which covers RY with length at most 10

9 jEðGÞj. Therefore, F ¼
F 1 [ F 2 is a sign-circuit cover of G with length

‘ðFÞ ¼ ‘ðF 1Þ þ ‘ðF 2Þ� 10

9
jEðGÞj þ 10

9
jEðGÞj ¼ 20

9
jEðGÞj:

Then, assume instead that jY \ EN ðG; rÞj has different parity with jR \ EN ðG; rÞj.
Let C be an unbalanced cycle in RB. Now we swap the colors R and B on C, i.e. reset
R0 ¼ RMEðCÞ and B0 ¼ BMEðCÞ respectively. Note that the operation will change
the parity of jR \ EN ðG; rÞj and jB \ EN ðG; rÞj. This implies that jY \ EN ðG; rÞj �
jR0 \ EN ðG; rÞj � jB0 \ EN ðG;rÞjðmod 2Þ now. So, similar as the previous para-
graph, we apply Lemma 2.5 to find a family of sign-circuits F 0

2 which covers R0Y
with length at most 10

9 jEðGÞj. Notice that F 1 covers RB ¼ R0B0 with length at most
10
9 jEðGÞj. Hence F ¼ F 1 [ F 0

2 is a sign-circuit cover of G with length at most
20
9 jEðGÞj.
Case 2. RB contains no unbalanced cycle.
In this case, each cycle Ci of RB is a balanced cycle. Let F 1 ¼ fCijCi is a

balanced cycle of RBg. Then F 1 is a family of sign-circuits covering RB with length
‘ðF 1Þ ¼ jEðRBÞj ¼ 2

3 jEðGÞj.
Subcase 2.1: The number of unbalanced cycles in RY or BY is even.
By Lemma 2.5, we have a family of sign-circuits F 2 which covers RY or BY with

Fig. 4 ðG; rÞ with a shortest
sign-circuit cover with length
13
9 jEðGÞj
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length at most 10
9 jEðGÞj. Therefore F ¼ F 1 [ F 2 is a sign-circuit cover of G with

length ‘ðF Þ� 16
9 jEðGÞj.

Subcase 2.2: The number of unbalanced cycles in RY or BY is equal to one.
Without loss of generality, assume that RY has exactly one unbalanced component,

say, C1. Let C ¼ fC1; :::;Cmg be the set of components of RY, where each Ci ði� 2Þ
is balanced. Let F 2 ¼ fCi : i� 2g. Then F 2 is a family of sign-circuits covering
RY � EðC1Þ with length 2

3 jEðGÞj � jEðC1Þj. We consider the following two cases in
order to cover C1.

Assume first that G contains an unbalanced circuit C0 with EðC0Þ \ EðC1Þ ¼ ;.
Since G is cubic and connected, there is a long barbell Q in G with P as the path
connecting C1 and C0 with jEðQÞj� 2

3 jEðGÞj þ 1.
Therefore, F ¼ F 1 [ F 2 [ Q is a sign-cycle cover of G with length

‘ðFÞ ¼ ‘ðF 1Þ þ ‘ðF 2Þ þ ‘ðQÞ
� 2

3
jEðGÞj þ 2

3
jEðGÞj � jEðC1Þj þ 2

3
jEðGÞj þ 1

\2jEðGÞj:
Then assume instead that G contains no unbalanced cycle C0 with
EðC0Þ \ EðC1Þ ¼ ;. In this case, G� EðC1Þ is balanced. By Lemma 2.6, there exists
a family F 3 of sign-circuits covering EðC1Þ with length at most 8

9 jEðGÞj þ jEðC1Þj.
Therefore, F ¼ F 1 [ F 2 [ F 3 is a sign-circuit cover of G with length

‘ðFÞ ¼ ‘ðF 1Þ þ ‘ðF 2Þ þ ‘ðF 3Þ
� 2

3
jEðGÞj þ 2

3
jEðGÞj � jEðC1Þj þ 8

9
jEðGÞj þ jEðC1Þj

� 20

9
jEðGÞj:

Subcase 2.3: The number of unbalanced cycles in each of RY, BY is odd and is at
least 3.

Let C ¼ fC1; :::;Cmg be the set of components of RY. Denote by G� the graph
obtained from G by contracting each cycle Ci of RY to a single vertex ui, where
i ¼ 1; 2; :::;m. Note that G� is connected, and so let T� be a spanning tree of G�.
Then T� [ RY is a cycle-tree in G, denoted by H, containing at least 3 unbalanced
cycles. Let B0 be the set of bridges of H such that bi 2 B0 if and only if ðH �
bi; rjH�biÞ has a balanced component Hi. B ¼ ; if no such bridge exists in H. Let
H 0 ¼ H � ðB0 [ ð[i¼1;:::;jB0 jEðHiÞÞ. Note that every leaf-cycle of H 0 is unbalanced
and H 0 contains all the unbalanced cycles of C. By Lemmas 2.1 and 2.4(a), H 0 is
flow-admissible and has a sign-circuit cover F 2 with length at most 3

2 jEðH 0Þj. Since
the cycles in Hi are all balanced cycles, we can cover them with length at most
j [i¼1;:::;jB0 j EðHiÞj � jEðHÞj � jEðH 0Þj. Thus we have a sign-circuit cover F 3 of RY
with length
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‘ðF 3Þ ¼ ‘ðF 2Þ þ jEðHÞj � jEðH 0Þjð Þ
� 3

2
jEðH 0Þj þ jEðHÞj � jEðH 0Þj

� 3

2
jEðHÞj\ 3

2
jEðGÞj:

Therefore, F ¼ F 1 [ F 3 is a sign-circuit cover of G with length

‘ðFÞ ¼ ‘ðF 1Þ þ ‘ðF 3Þ
� 2

3
jEðGÞj þ 3

2
jEðGÞj

¼ 13

6
jEðGÞj\ 20

9
jEðGÞj:

This completes the proof. □

Remark The upper bound of scc(G) in Theorem 1.4 seems not to be tight. We
realized that the signed 3-edge-colorable cubic graph ðG; rÞ as illustrated in Fig. 4
has a sign-circuit cover with length 13

9 jEðGÞj. The problem to determine the optimal
upper bound for the shortest sign-circuit cover of signed 3-edge-colorable cubic
graph remains open.
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