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Abstract A star k-edge-coloring is a proper k-edge-coloring such that every connected bicolored
subgraph is a path of length at most 3. The star chromatic index x%;(G) of a graph G is the smallest
integer k such that G has a star k-edge-coloring. The list star chromatic index chl,(G) is defined
analogously. The star edge coloring problem is known to be NP-complete, and it is even hard to obtain
tight upper bound as it is unknown whether the star chromatic index for complete graph is linear

or super linear. In this paper, we study, in contrast, the best linear upper bound for sparse graph
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chl(Q) < 52A +¢(e) and the coefficient g of A is the best possible. The proof applies a newly developed

classes. We show that for every € > 0 there exists a constant c(e) such that if mad(G) < § — ¢, then

coloring extension method by assigning color sets with different sizes.
Keywords Star edge coloring, list edge coloring, maximum average degree

MR(2010) Subject Classification 05C05, 05C15

1 Introduction

Throughout this paper we consider finite simple graphs. The star coloring of a graph, introduced
by Griinbaum [5], is a proper vertex coloring such that the union of any two color classes induces
a star forest. This notion has attracted much attention since a 2001 paper by Fertin, Raspaud
and Reed [4]. A star edge coloring of a graph G is obtained from a star coloring of its line
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graph L(G), and it is a proper edge coloring such that every connected bicolored subgraph is a
path with at most 3 edges. The notion of the star edge coloring is intermediate between acyclic
edge coloring (where every bicolored subgraph is acyclic) and strong edge coloring (where every
bicolored connected subgraph has at most two edges).

The star chromatic index of G, denoted by x%;(G), is the smallest integer k such that G is
star k-edge-colorable. In 2008, Liu and Deng [11] showed that y.,(G) < [16(A —1)2] when
A > 7. Dvotdk, Mohar and Sdmal [3] presented the following upper and lower bounds for
complete graphs:

22v2(1+0(1))Vlogn
2n(1+0(1)) < X (Kn) <n .
(logn)s
And they applied it to show a near-linear upper bound that for any graph G with maximum
degree A, ¥, (G) < A -20MVIogA  The star chromatic index is hard to compute, as Lei, Shi
and Song [10] proved that it is NP-complete to determine whether x%,(G) < 3 for a subcubic
graph G.

Dvoidk, Mohar and Sémal [3] also studied star edge coloring of subcubic graphs. They

proved that x.,(G) < 7 for any subcubic graph G and proposed the following conjecture.

Conjecture 1.1 ([3]) If G is a subcubic graph, then x%,(G) < 6.

Star edge coloring is naturally generalized to the list version: Given a list assignment L
which assigns to each edge e a finite set L(e), a graph is said to be L-star-edge-colorable if G
has a star edge coloring ¢ such that c(e) € L(e) for each edge e. L is called an edge k-list if each
L(e) is a set of size k. A graph G is star k-edge-choosable if G is L-star-edge-colorable for any
edge k-list L. The list star chromatic index of a graph G, denoted by chl,(G), is the minimum
k such that G is star k-edge-choosable.

Luzar, Mockovéiakova and Sotdk [12] proved the following result for subcubic graphs which

solves a problem proposed by Dvofdk, Mohar and Sémal in [3].
Theorem 1.2 ([12]) If G is a subcubic graph, then ch’,(G) < 7.
Kerdjoudj, Kostochka and Raspaud [7], Kerdjoudj and Kostochka [8] and Kerdjoudj, Pradeep

and Raspaud [9] studied the list star edge coloring of graphs with small maximum average degree
where the maximum average degree of a graph G, denoted mad(G), is max{ Q‘ﬁ/(%ﬁ])‘ : H C G}.
Theorem 1.3 ([7, 8]) Let G be a subcubic graph. Then each of the following holds.

(i) If mad(G) < 7, then chl(G) < 5.

(ii) If mad(G) < 3, then chl,(G) < 6.
Theorem 1.4 ([8, 9]) (i) If mad(G) < %, then chl,(G) < 2A(G) — 1.

(ii) If mad(G) < 3, then chly,(G) < 2A(G).

(i) If mad(G) < 3, then chl(G) < 2A(G) + 1.

(iv) If mad(G) < %!, then chly(G) < 2A(G) + 2.

(v) If mad(G) < 3, then chl,(G) < 2A(G) + 3.

Bezegovd et al. [1] and Deng et al. [2] independently proved that for each tree T' with
maximum degree A, its star chromatic index x.,(T) < L32AJ. This result was extended to list
star chromatic index by Han et al. in [6].
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Theorem 1.5 ([6]) For any tree T with mazimum degree A,
3A
G sam < ||

Furthermore, this bound is sharp.

The star edge coloring problem is very challenging and it is even unknown whether the
star chromatic index for complete graph is linear or super linear. The list coloring is even
much harder. In this paper, we study the list star edge coloring and present, in contrast,
a best possible linear upper bound for the list star chromatic index for some graph classes.
Specifically we show that chl,(G) < 32A + ¢ for sparse graphs G with mad(G) < § and this is
the best possible up to constant c. To overcome some difficulties in the proof, we develop a new
coloring extension method by requiring certain edges to be colored with different size of sets of
colors. We believe that the idea is of independent interest and the method may be modified in

the study of other list coloring problems.

Theorem 1.6 Let € > 0 be a real number and d = 2(8&351. Let G be a graph with mazimum
average degree mad(G) < § —e. Then

chly(G) < max{gA + ;l

For a planar graph G with girth g, it is well-known that the maximum average degree

+2,A+2d+1}.

mad(G) < 92f2. Thus we have the following corollary.
Corollary 1.7 Let G be a planar graph with mazximum degree A and girth g.

(a) If g > 9, then chly(G) < rnax{?’QA +11,A +37}.

(b) If g > 16, then ch,(G) < 32 +4.

Note that we pay little effort to optimize the constant and girth condition in order to
pursue a concrete and clear presentation. However in Section 4 we will present examples of
planar graphs with maximum degree A and girth 4 and with star chromatic index at least
NéA — Z for any A > 3.

Before proceeding, we introduce some notation. For a vertex v € V(G), let Eg(v) = {vw :
w € Ng(v)} and dg(v) = |Eg(v)|. The subscript may be omitted if no confusion occurs.
We denote di(v) = |[{w € Ng(v) : dlw) = k}, di- (v) = {w € Ng(v) : d(w) < k}, and
dip+ (v) = {w € Ng(v) : d(w) > k}, respectively. A ¢-thread in a graph G is a path uxixs - - - 240
such that d(xz1) = d(z2) = -+ = d(x;) = 2 and min{d(u),d(v)} > 3. Given a proper edge
coloring f of G, we use cy(v) = {f(wv) : uv € Eg(v)} to denote the set of colors of the edges
incident with the vertex v.

2 Proof of Theorem 1.6

In this section we will prove Theorem 1.6. For reduction purpose, we first prove a more technical
and slightly stronger result on trees than Theorem 1.5 and then apply it to complete the proof
of Theorem 1.6.

2.1 List Star Edge Coloring of Rooted Trees

Let G be a graph, Z C E(G), and L be a list assignment of G. A Z-star-sublist of L is a list
assignment L satisfying the following two conditions:



4 Li J. A. et al.

(a) Lo(e) C L(e) for each edge e and |Lo(e)| € {1,3} with |Lo(e)| =3 if and only if e € Z.

(b) Any edge coloring ¢ with ¢(e) € Lo(e) for each e € E(G) is a star edge coloring of G.

A vertex v € V(G) is called a pre-pendent vertez if d(v) > 2 and dy (v) > d(v) — 1. In other
words, the vertex v has at least d(v) — 1 neighbors of degree one. An edge e = wv is called a
twig of G if d(u) = 1 and v is a pre-pendent vertex.

Let T be a tree rooted at a vertex x. We use the terminology that a vertex v is in Level ¢
if the distance between x and v is i. So x is in Level 0 and the neighbors of = are in Level 1.
An edge is called in Layer i if its two endvertices are in Levels ¢ — 1 and i, respectively. Denote
Lay(i) to be the set of all edges in Layer .

Note that Theorem 1.5 follows from Theorem 2.1 below by taking W = 0.

Theorem 2.1 Let T be a tree with maximum degree A rooted at x and W be a set of twigs
in T such that W is a matching and x is not a pre-pendent vertex of a twig in W. Then T has
a W-star-sublist of L for any list assignment L satisfying the following:

(a) |L(e)| =1 for any e € Lay(1) and L(e) # L(e') for any two distinct edges e, e’ € Lay(1);

(b) for each e € Lay(2), |L(e)| > A+ Ld(;)J ifeg W and |L(e)] > A+ Ld(;)J +2 otherwise;

(c) for each e € E(G)—Lay(1)—Lay(2), |L(e)| > A+[5] ife ¢ W and |L(e)| > A+[5]+2
otherwise.
Proof If there are two twigs whose pre-pendant vertices are adjacent, then there is an edge
uv € E(T) — W such that each of v and v is a pre-pendant vertex of some twig in W. Thus T
is a bistar and the result follows easily. Now we assume that W is an induced matching.

Note that for each edge e in Level 1, Lo(e) = L(e). We proceed algorithmically from lower
to higher levels to find Ly as follows.
From Level 1 to Level 2  (construct Lo(e) for each e € Lay(2)):

Denote | = A+ \_d(;)J —d(z) and N(x) = {y1,...,Yd(x)}- Suppose that the sublist for each
e € Lay(2) incident with y; is selected for i < ¢ —1. Now we select the sublists for edges incident
with y;. Denote N(y;) = {uo,u1,...,Udey,)—1} where x = ug. In case when y; is a pre-pendant
vertex of a twig in W, ysug(y,)—1 is the twig in W.
Step 1 Select Lo(yiu;) for ypu; for 1 <4 < 1.

Note that E(z) and W are disjoint. Thus |Lo(e)| = 1 for each e € E(z) and for each
1<i<l,

L) - U Lot

e€E(x)

> |Liyeus)| — d(z) = A + V(;)J d(w) =1

Thus for edges ytuq, . .., yruy, one can choose mutually disjoint Lo(ysu1), ..., Lo(y:u;) such that
Lo(yrui) € L(yeui) — Uee ) Lo(e) for each i =1,..., 1 with size 1 or 3 depending on whether
I =d(y:) — 1 and whether y;uq(,,)—1 € W or not.
Step 2 Select Lo(ysu;) for I +1 < i < d(y:) — 1.

We select Lo(yiu;) one by one for I +1 < ¢ < d(y;) — 1. Note y:x = yiuo and for each
1<j<d(y)—2 yu; ¢ W.

We forbid the colors in Lo(ysu;) for each j = 1,...,7 — 1 and in Ly(zy,) for each s =
tyooot+ Ld(;)J where the subindex s is taken mod d(x).
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Define
i1 t+1757]
A; = L(yw) = |J Lo(wwy) = |J Lo(ys).
j=1 s=t
Since
) d(x
44 2 |2 - G- 1= |5 | -1
) d(x
~ s~ i~ |7

>1 (or > 3if yu, € W),

one can choose Lo(y;u;) C A; with size 1 or 3 depending on whether y,u; € W.
Assume that Lg(e) is selected for all edges e in Layers up to Layer i. We are going to select

d(w)J

Lo(e) for edges e in Layer i + 1 using the same strategy by modifying I and replacing | “,

with L%J

From level i to level i+1 (i > 2):  Let u be a vertex in level ¢ — 1 with a neighbor in level i
of degree at least 2. Denote N (u) = {wo, w1, ..., W4w)—1} Where wy is the parent of u. Denote
T, to be the subtree rooted at u with E(T,) = {uwo} U | fg)_l E(w)]. Then T, is a rooted
tree with two layers, and E(u) N W = (. Denote W,, = W N E(T,).

Suppose that the sublist for each edge e € Lay(i + 1) incident with w; is selected for
each j < t — 1. Now we select the sublist for edges incident with w;. Denote N(w;) =
{uo, u1, ..., Uqew,)—1} where u = ug. In case when w; is a pre-pendant vertex of a twig in W,
Wil g(y,)—1 1S the twig in W. Let I = [*2] — d(u). Then we can follow Steps 1 and 2 in the
above to pick Lo(wgu;) for 1 <i < d(w;) — 1 (replacing \_d(;)J with L%J)

Note that for each I +1 < < d(wy) — 1,

z‘+ﬁJ ZHHEJ = BAJ—d(u)HJrﬁJ > A.

Therefore by the algorithm, we have the following observation.

Observation:  Lo(wiu;)NLo(uwy) =0 for eachi € {1,...,d(u)—1} and k € {t,t+1,...,t+
Ld(Qu)J} (mod d(u)). Furthermore, for each k € {1,2,...,|*2 | —d(wo)}, Lo(woz)NLo(uwy) = 0
for each z € Np(wp) by the coloring process of Er(u).

Let ¢ be a coloring of E(T) with ¢(e) € Lo(e) for each edge e. It remains to verify that
c is a star edge coloring of T' . Clearly, ¢ is a proper edge coloring. Suppose to the contrary
that vwuyz is a path of length 4 in T" such that c(vw) = c(uy) and c¢(wu) = c(yz). Denote
N(u) = {wg, wr, ... ,wd(w)_l} as above. Then w = w; and y = w; for some 4, j. Without loss
of generality, assume i < j.

We first assume ¢ > 1. Since c(vw;) = c(uw;), by Observation, we have j —i ¢ {0,1,...,
Ld(Qu)J} (mod d(u)). Similarly, we also have i — j ¢ {0,1,..., Ld(Qu)J} (mod d(u)) as c(w;u) =
c(w;z). This implies j —4 ¢ {0,1,...,d(u) — 1} (mod d(u)), a contradiction.

Now we assume ¢ = 0. Since c(uw;) = c(wov) and by Observation, j > L32AJ — d(wo) + 1.
Since c(w;z) = c(uwg), 0 ¢ {j,5+1,...,5+ Ld(;)J} (mod d(u)), meaning j + Ld(zu)J <d(u)-1.
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Since d(wp) < A and d(u) < A, we have

d(u) < V(z“)J 1 V(z“)J < BAJ — d(wo) +1+ WJ <i+ V(;‘)J < d(u) — 1.

This is a contradiction again and thus completes the proof of the theorem. O

2.2 Completing the Proof of Theorem 1.6

The following structural result of graphs with small maximum average degree is needed in the

proof of Theorem 1.6 and its proof will be completed in the next section.

Lemma 2.2 Lete > 0 be a real number and a = 2[¥,°°]. Let G be a graph with mad(G) < § —
e and minimum degree 6(G) > 2. Then G contains one of the following t-threads uxi s - - - x4v.
(C1) t > 4;

Theorem 1.6 is a corollary of the following slightly stronger result.

Theorem 2.3 Let ¢ > 0 be a real number and d = 2(8&351. Let G be a graph with mad(G)
< g — € and mazimum degree A, and let W be a set of twigs in G which is a matching. Let
k = max{3A + g +2,A+2d + 1}. Then for any k-list assignment L of E(G), there exists a

W -star-sublist of L.

Proof  Let the pair (G, W) be a counterexample to Theorem 2.3 with |E(G)| minimum where
W is a set of twigs. Thus G is connected and by Theorem 2.1 G is not a tree. Hence we have
5 —e > mad(G) > 2, which gives € < %, and so d > 4.

Let G’ be the subgraph of G obtained by recursively deleting vertices of degree one (i.e., G/
is the maximal subgraph of G with minimum degree at least 2). Then no pre-pendent vertex
of G is in V(G’) by definition and G — E(G’) is a forrest.

For each = € V(G’), denote T, to be the tree component of G — E(G’) rooted at x. Thus
V(T)NV(G") = {z}. If dev(z) = dg(x), we call T, trivial (i.e. it is a singleton).

Claim 1 If dg/(x) < d, then T, is a star rooted at x.

Proof Let Ey = E(T,) — Eg(z) be the set of edges in Ty not incident to . Then the
claim is equivalent to Eg = (. Suppose to the contrary Ey # 0. Denote G; = G — E;y and
W1 = WNE(G:). By the minimality of G, for each e € E(G1), one can have a desired W;-star-
sublist L§(e) of L(e) in G;. Since z € V(G'),  is not a pre-pendent vertex in G1, so [Lj(e)| = 1
for each e € Eg, (x). For each edge e in Lay(2) of T}, let
L'(e) = L(e) — U Li(e.
e'€E(z)—E(Ty)
Since A > dg(x) = de(z) + dr, (x) and deg/ (z) < d, we have

L)l = ZA+Z+2—dG'(x) >a BTAE) Loy ny B )

2.
2 2 +
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By Theorem 2.1, one can obtain a desired sublist L3 of T, with Lj(e) = L3(e) for each e €
Er,(z). Then we combine L} and L3 to obtain a W-star-sublist of L of G, a contradiction. [J

Claim 2 Assume that « € V(G) such that de (z) < d, dgr(u) < d for every u € Ng/(x), and
2 ueNg (z) der(u) < 2d + 2. Then dg(x) = de/(x). That is, Ty is trivial.
Proof Suppose to the contrary that T, is nontrivial. Since dg/(z) < d, dg/(u) < d for every

u € Ngs(x), by Claim 1, T, and T, are stars rooted at « and u respectively. By the minimality
of G, H =G — E(T;) has a desired W-star-sublist Lo of L. Denote

Alz) = U Lo(e).
WENg/ (z), e€Egr (u)
Then |A(z)| < 2d + 2 since |Lg(e)] = 1 for each e € Eg/(u) with u € Ng/(x). For each
u € Ngr(x), there is no path with four edges containing both one edge in T, and one edge in Ty,
since T, and T, are stars. Thus, to find sublists for edges in T}, it suffices to exclude the colors in
A(z). Additionally, since x is not a pre-pendant vertex, we only need one available color for each
edge in F(T,). For any edge e € E(Ty), |L(e)\ A(z)| > A+2d+1—(2d+2)=A—-1>dp, ().
Thus, Lo can be extended to be a desired W-star-sublist of L in G, a contradiction. O

Now we are ready to present main reductions by utilizing W-star-sublist argument.

Claim 3 There is no path zyz in G’ such that dg (z) < 3, dg/(u) < d for every u € Ng/(x),
and dg/ (y) = dg/(z) = 2. Therefore G’ doesn’t contain Configurations (C1), (C2), or (C3).
Proof Suppose to the contrary that there is such a path zyz in G'. By Claim 1, T, is a star
and T, is also a star for each u € Ng/(z).

Let 1 (and x2) be the other neighbor(s) of x. Since ZueNG/(w) de(u) < 2d + 2 and
de(z) + der(2) <5 < 2d + 2, by Claim 2, both T, and T} are trivial.

Let H = G — zy. Note zy,yz € W and z is a pre-pendant vertex in H (but not in G). Let
W’ = W U {yz}. By the minimality of G, H has a W'-star-sublist Lj, of L. Since yz € W/,
|Li(yz)| = 3. We first pick a sublist Lo of L for G — zy.

(1) Lo(e) = Li(e) for each e € E(H) \ {yz}.

(2) Pick any color

a € Li(yz) — Li(zaq) U Ly(axs) if 22 exists; and a € L (yz) — Ly(xz) otherwise.

Set Lo(yz) = {a}. Note that this is possible since zz; ¢ W’ (and zxo ¢ W).

For the edge xy, one can further pick a color

feA=Liay) - U Lo(e)
e€Eqi(u),ue{z,x1,x2}

(or B € A= L(zy) —Ueer,, (u),ueiz,2:} Lo(€) if 22 does not exist), and let Lo(zy) = {B}, since
we have |A| > A+2d+1—(2d+2)=A—-1>1.

It is easy to see that Lg is a W-star-sublist of L in GG. This contradicts the fact that G is a
counterexample.

The second part of the claim follows from the fact that Configurations (C1), (C2) and (C3)
all satisfy the conditions of Claim 3. |
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Claim 4 There is no path uzyz in G’ such that dg:(u) < d, dg/(w) < d for each w € Ng(u),
ZweNG/(u) de(w) < 2d+ 2, de/(z) = dg(y) = 2, and dg/(z) < d. Therefore G’ does not
contain Configurations (C4) or (C5).
Proof By Claim 1, T, is a star rooted at z. By Claim 2, T,,T,, and T, are trivial. Note
Let H = G — zy. By the minimality of G, H has a W-star-sublist Ly of L. Since T}, is
trivial, we have dg(u) + dg(2) < d+ A, and so
|L(zy) — U Lo(e)| > A+2d+1—(A+d)=d+1>1.
e€Eq(u)UEa(2)
Pick a color a € L(zy) — U, (uyupe () Lo(e) and let Lo(zy) = {a}. Therefore L is extended
to be a W-star-sublist of L in GG, a contradiction. O

Claim 5 There is no path uzy in G’ such that dg(y) < 3, de/(v) < d for each v € Ng/(y),
de(z) = 2, dgr(u) < d, dg(w) < d for each w € Ng/(u), and ZwENG/(u) de(w) < 2d + 2.
Therefore G’ does not contain Configurations (C6) or (C7).
Proof Suppose to the contrary that there is such a path. We first show dg/(y) = 3. Otherwise
if dgv(y) = 2, let z be the other neighbor distinct from x. Then uxyz is a path forbidden in
Claim 4. This contradiction implies dg/ (y) = 3. Denote Ngv (y) = {x, y1, y2}-

By Claim 2, T, T, and T, are all trivial. By Claim 1 both T}, and T}, are stars.

Let H = G — zy. By minimality of G, H has a W-star-sublist Ly of L. We consider two
cases.
Case 1 Lo(xu) C Lo(yy1) U Lo(yy2). Without loss of generality, assume Lo(zu) = Lo(yy1).

Then Lo(zu) N Lo(yy2) = 0. Note that in this case it is allowed to have Lo(zy) = Lo(wyz)
for a leaf edge wys in G. Let

a€ A= Lixy) — U Lo(y1w) — U Lo(yow) — U Lo(uw)
weENG(y1) wENgr (y2) weNg/ (u)
and set Lo(xy) = {a}. This is possible since |[A] > A+2d+1—-(A+d+d)=1.
Case 2 Lo(zu) N [Lo(yy1) U Lo(yy2)] = 0.
In this case it is allowed to have Lo(xzy) = Lo(wy;) for a leaf edge wy; for each i = 1,2. Let

BeB=Lay) - |J Lopw) - |J Lowew)— |J Lo(uw)

wENgr(y1) wENq/ (y2) wENgr (u)
and set Lo(zy) = {B}, since |B| > A+2d+1—-(d+d+d) > 1.
In either case, we can extend Lo from H to GG, a contradiction. O

By Claims 3, 4, and 5, G’ does not contain configurations (C1)—(C7), which contradicts

Lemma 2.2. This contradiction completes the proof of the theorem. O

3 Proof of Lemma 2.2
In this section, we will prove Lemma 2.2. For convenience, we copy the lemma in the following.

Lemma 3.1 Lete > 0 be a real number and a = 2f8§6351. Let G be a graph with mad(G) < g—

e and minimum degree 6(G) > 2. Then, G contains one of the following t-threads uxixs - - - 0.
(C1) t > 4
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(C2) t =3 and d(u) < a;

(C3) t =2, d(u) = 3, and dg11)+(u) = 0;

(C4) t =2, d(u) < a, dg( ) =d(u), and d(v) < a;

(C5) t =2, d(u) <5, da(u) > d(u) =1, dg41)+(u) =0, and d(v) < a;

(C6) t=1, d(u) = 3 d(a+1)+( u) =0, d(v) < a, and da(v) = d(v);

(CT) t=1, d(u) =3, diay1)+(u) =0, d(v) < 3, d2(v) > d(v) — 1, and d411y+(v) = 0.

Proof Ife> 2, then mad(G) < 2 and so G is acyclic, contradicting 6(G) > 2. Thus 0 <& < 2
We prove by contradiction and proceed by the discharging method. Suppose to the contrary
that there is no ¢t-thread as in (C1)-(C7). For each = € V(G), define the initial charge M (x) =
d(z) — (g —¢). Note that M (z) =2 — g +e= —§ + ¢ for each 2-vertex x. For each 3T-vertex
z, M(z) > L +¢e>0.
Obtain a second charge M’(x) by the following rule:
R1: Each (a+ 1)T-vertex y sends d(y(i)ais(/g,?3+€ to each a™ -neighbor, if d,-(y) # 0.
Obtain a third charge M”(z) by the following rule:

R2:  Each 3" -verter y sends 'y ((y)) to each 2-neighbor if da(y) # 0.

It is of interest to consider the amount sent from a 3%-vertex y to a 2-neighbor, given
properties of y. Firstly, we compute charges of several types in the following. Note that the

function C_SéBJrE is increasing with respect to ¢ given € < 2/3.
(A) By R1,if y is a (a + 1)*-vertex, then y sends each a™-neighbor z at least
a+t1-8/3+e 8 —3¢ 1o 8—3¢ _1_36
a+1 0 6[(8—32)/(9)] +3 6(8 —3¢)/(9) 2"

Thus y sends z at least 1 — 325

(B) Assume that y is a 3-vertex with a 2-neighbor z.

e If do(y) = 1, then y sends z exactly é +e.

e Assume that y has a (a + 1)T-neighbor z. Then, d(y) < 2 and y receives at least 1 — 5
from z by (A). Thus y sends z at least 3[(5 +&)+ (1 — )] >3 — 9.

(C) Assume that 4 < d(y) < § + 1. Let = be a 2-neighbor of Y.

e If do(y) = d(y), then y sends x at least 47843% =14+°.

o If dy(y) < d(y) — 1, then y sends z at least *~ 8/3+5 >4

o If dy(y) < d(y) — 2, then y sends z at least '~ 843+6 > 2.

e Assume that y has a (a + 1)T-neighbor z. Then, da(y) < d(y) — 1 and y receives at least
1— % from z by (A). Thus, y sends z at least J[4—§+ec+(1— %) >7—¢> 2.

(D) Assume § +1<d(y) <a

e If do(y) = d(y), then y sends x at least

a/2+1—8/3+5_1_ 8/3—¢ >1_3€(8—3€)
a/2+1 B [(8—3¢)/(9e)]+1 8 + 6¢
e If do(y) < d(y) — 1, then y sends z at least
a/2+1—8/3+5_1_ 5/3—¢ . 5/3—e  _, 3e(5-3¢)
a/2 B [(8—3¢e)/(%)] — (8 —3¢)/(9e) 8—3

Clearly, =, cy gy M"(2) = X cvicy M' () = Xicv o) M(z) < 0 since mad(G) < s —e

As M"(y) > 0 for each 3T-vertex y, we have > veva(e) M"(x) < 0. Here V2(G) denotes the set
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of 2-vertices of G. In the following, we shall show that each of the ¢-threads not forbidden in
G receives nonnegative charge to yield a contradiction.

o Let uzqzazsv be a 3-thread. Since (C2) is forbidden, we have min{d(u),d(v)} > a + 1.
By (A), u sends x1 at least 1 — %, and v sends z3 at least 1 — % as well. Thus, M (z;) +
M"(z2) + M"(z3) > 3(e — 3) +2(1 — %) =0.

e Let uzy v be a 2-thread. We further divide our discussion according to the value of d(u):

(1) Assume d(u) = 3. Since (C3) is forbidden, we conclude d(q41)+(u) > 1. Then, u sends
z1 at least 3 — § by (B).

(a) Assume d(v) > § + 1. Then, v sends x2 at least 1 — 35{&1_6?5) by (D). Since € < 3, we
hiave M(02) £ M"(22) > 2(6 = 2) + (3 §) + (1= 5529 = 1010 5

(b) Assume 3 < d(v) < § + 1. Since (C4) is forbidden and da(u) < d(u), we have da(v) <
d(v).

Case 1 Assume d(o41)+(v) > 1. Then, v sends z at least 2 — § by (B) or (C). Hence
M"(x1) + M (x2) > 2(e — 2) +2(5 — §) > 0.

Case 2 Assume d(qq1)+(v) = 0. Since (C3) is forbidden, d(v) > 4, and since (C5) is
forbidden, dz(v) < d(v) — 2. Then, v sends x at least > by (C) and so M"(z1) + M (x2) >
26-2)+(3—-5)+35>0.

(2) Assume min{d(u),d(v)} > 4. Then, u sends z; at least ; + § by (C).

(a) Assume d(v) > a+ 1. Then, v sends z2 at least 1 — % by (A), so M” (z1) + M" (z2) >
26-2)+(3++(1=%)>0.

(b) Assume max{d(u),d(v)} < § + 1. Since (C4) is forbidden, we have da(u) < d(u) and
da(v) < d(v). Since (C5) is forbidden, for w € {u, v}, either d(441)+(w) > 1 or da(w) < d(w)—2.
If d(441)+ (w) > 1, then w sends its 2-neighbors at least 3 by (C). If da(w) < d(w) — 2, then w
sends its 2-neighbors at least 3 by (C). Thus, M"(z1) + M"(x2) > 2(e — 3)+2- 2 > 0.

(¢) Assume a > d(v) > § + 1. Since da(v) < d(v), v sends x5 at least 1 — 36(5 35 ) by (D).
Case 1 d(u) < 3. Then, u sends z; at least ; by (C). Thus,

2
M"(z1) + M (z2) > 2(5 - g) + § + (1 - 3€é5__3§5)) = ;Z; _+3§) > 0.
Case 2 d(u) > § + 1. Then we have

> 0.

M Gan) M (az) 2 2(s = 5 ) (1= 5073 - )

8—3¢ ) 3(8-3¢)
e Let uxv be a 1-thread.

(1) Assume min{d(u),d(v)} > 4. Then by (C), M"(z) > (¢ — 3) + 2(1 2) > 0.

(2) Assume d(u) = 3 and d(v) > a+1. Then, u sends x at least ;(3— 5 +¢) = §+ 5. Then

by (A), M"(2) > (e~ D+ (b4 5+ (1 - %) =1 -2 >0.

(3) Assume d(u) = 3 and d(a+1)+(u) > 1. Then, u sends x at least } — § by (B), so
M @) > (6= 2)+ (2— ) >

(4) Assume d(u) = 3, d(aﬂ) (u) = 0, and d(v) > § + 1. Since (C6) is forbidden, da(v)
< d(v). Thus, v sends z at least 1 — 355(55_;:6) by (D), so

2 1 € 15¢ — 9¢2 45¢2 — 51e + 32
" > B _ = .
M(x)(g 3)+<9+3)+<1 8 — 3¢ > o8—3)
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(5) Assume d(u) = 3,d(4+1)+(u) = 0, and d(v) < 5. Since (C7) is forbidden, dz(v) < d(v)—2
or d(g41)+(v) > 1. Thus by (C),

2 1 =« 2
M'(z)> |e— }
(x)_(s 3>+<9+3>+3>0

All the t-threads allowed in GG are examined in the above arguments. This proves that every
t-thread in G receives nonnegative charge, a contradiction to »_, oy, (o) M"(z) <O0. O

4 Concluding Remarks

Wang et al. [13] obtain the following upper bounds on the non-list star edge coloring for planar
graphs with large girth.

Theorem 4.1 ([13]) Let G be a planar graph with mazimum degree A and girth g.

(i) If G has no cycles of length 4, then x4, (G) < |1.5A] + 18.

(ii) If g > 5, then X%, (G) < [1.5A] + 13.

(iii) If g > 8, then x4 (G) < [L.BA] + 3.

Their proof in [13] applies a clever edge-partition technique and assigns certain specific
colors to certain given part of edges. However their methods seem not to be easily extendable
to the list version of the problem. We believe that the girth conditions in Corollary 1.7 are not
tight. For planar graphs with girth 4, we have an infinite family of such graphs whose list star

chromatic index can not be bounded by 32A + c.

Proposition 4.2 For each integer A > 3, there exists a planar graph K of girth 4 with
mazximum degree A such that

Wy () > () > o0 %
Proof Let K be a graph obtained from the complete bipartite graph Kz A as follows: Let
v1,v2 be the A-vertices of Ko A, and let uq,...,ua be the 2-vertices of K2 o. Obtain K by
adding (A — 2) leaves to u; (1 < i < A), so that u; is now a A-vertex. Let ¢ be a star
(A + k)-edge-coloring of K. We shall show that k > 58A — 3 below.

We first claim |cg(v1) N cep(v2)] < %. By contradiction, we may assume, without loss of
generality, that ¢(viu;) € cy(ve) for each 1 < < L%J + 1. Then it follows from the Pigon-Hole
Principle that there exist 1 < i,j < [ 5 |+1such that ¢(vau;) = d(viu;). Since (viu;) € cg(va),
we denote ¢(viu;) = ¢(vaup). Then ugvau;viu; is a bicolored path (or cycle) of length four, a
contradiction.

Now we assume, wlog, that ¢(viu;) = ¢ for each i € [A] and ¢(vou;) = A + j for each
j € [t], for some t with % < t < k. There are (A — 2)A leaves incident with wuy,...,ua.
To determine the number of colors needed to color those leaves, we may view that each w; is
incident with A + & — 2 colored pseudo-leaves (that is, u; sees all colors) and then delete certain
colored pseudo-leaves to obtain a proper star-edge coloring of K. For each color pair (i, j) with
1 <i<j <A, the pseudo-leaf with color 4 incident with u; and the pseudo-leaf with color
J incident with u;, together with viu;,viu; form a bicolored path of length four, and so at
least one of the pseudo-leaves should be deleted. There are (%) such colored pairs (4, j), which
implies at least @) pseudo-leaves (with colors in {1,2,...,A}) are deleted. Similarly, for each
color pair (A 414, A+ j) with 1 < ¢ < j <t, one of the pseudo-leaves, either the one with color
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A + 1 incident with u; or the one with color A 4 j incident with u;, should be deleted. Thus at
least (%) pseudo-leaves (with color in {A+1,..., A +¢}) are deleted. On the other hand, there
are (A — 2)A remaining leaves, which implies there are kA pseudo-leaves are deleted. Thus, we

() +3)

Since t > %, we conclude that k& > 58A — Z. This completes the proof of the proposition. O

have

In view of Theorem 4.1, Proposition 4.2 and Corollary 1.7, we conjecture that, in the list

star edge coloring problem, tree-like upper bound holds for planar graphs with girth at least 5.
Conjecture 4.3 There exists a constant ¢ > 0 such that for any planar graph G of girth at

least 5 with maximum degree A, we have

A
ch’y(G) < 32 +ec.
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